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CHAPTER 2

Failure/Fracture Criterion
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Failure (Yield) Criteria for Ductile Materials under Plane Stress
Designer engineer: 1- Analysis of loading (for simple geometry using
what you learn here and for complex ones using finite element approach)
and 2- Does failure occur under the predicted loading condition?
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(a) Low-carbon steel (b) Aluminum alloy

For uniaxial stress: @p =0 & Os = + 45°: shear is responsible for the failure of ductile materials (Tmaxyy = 6v/2)

@ ]
e

Uniaxial Stress (0x<0vy) Plane Stress (?)
Different criterions for ductile (Tresca & von Mises) and brittle conditions (Coulomb & Mohr)

Maximum-Shearing-Stress Criterion for Ductile Materials (Tresca, 1868)

Tmax < Tmax)Y (at uniaxial test)  Tmax)Y = oy/2 therefore Tmax < 0Y/2 D
It is more accurate to use experimental data for Ty D
Tmax = Ga/2 if principal stresses have the same signs ’ Vs
Z=0 B A
Tmax = |62 — 6pl/2 if principal stresses have opposite signs \ I

If the principal stresses ca and ob
have the same sign

U'[‘

+/” |6a] <6y and |ob| < oy i
1 If they have opposite signs D
w0 % |oa-osl <oy :
" B Z=0 \

Assumptions: only shear is .
—ay considered (not sensitive to 0a & Op ),

GyT = Gyc

[ Jeo!
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Example 4: Consider a spherical vessel with thickness of ¢, diameter of D,
and yield stress of oy. At what value of internal pressure (P) will yielding
occur according to Tresca’s criterion?

Pr 7~ 0 Pr_ o, P=2tay=4tay

1T 2T 5r Tmax T T At - 2 r D

Example 5: Calculate allowable P according to
Tresca’s criterion and considering a factor of

safety of 2.
d SO
P 4P _Tr _ Pd3 16P T\ \
U_Edz_ndz T_]_nd4_7rd2
4 2(2) —+-
()
or o = 2% (M)2+r 2 g,=24 (D)2 + 12
1,2 2 - 2 xy 1,2 2 — 2
0-3 = O
2P 2P 16P\2 2P +/260P 2P +/260P
012=_i (_2+<_) O'1=—+— 05 -
' wd? wd? wd? wd? wd? d? wd?
0.
_ _m—o _N2O0P Ty - _, L p ey
e 2 md? Tmax  V260P 4260

Td?

Example 6: Calculate Factor of Safety according to the Tresca’s criterion (cy = 280 MPa)
124.3-0

Atpoint K: Omax = 1243 MPa  Gmin =22.9 MPa, Tmayxaps = —— = 62.2 MPa
pe o Y _280/2_225 poo OF _2847 .
" Tpax | 622 777 T 0C 1264
ffh
280 MPa "
—~2=5.43
// Op "
C F
22.9
-280 MPa | 0 124.3/ 280 MPa Ta - /\/
/ 700 mm
y
280 MPa SkN
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TBR 4: P =25 kN, Gy = 420 MPa, Factor of Safety = 4. Find maximal 7 based on Tresca’s criterion.

O\

50 mm
5 mm
2 mm
3n‘1m
s ' Z
’
'}-——40mm *J
(a) (b)
r d
T=— and 0= —
2At A

_ 1
A= > (30 mm) (40 mm) = 600 mm?

T T T
tmax = 57t T 20600 mm2)(2 mm) _ 2400

P 25000 N e tamp
T AT B0x2+50x5+40x3) O ¢

o 5814 58.14
sa= [@r e =By [y Ly

01— 0y \] 58.14 T

)2

= 2
Tmax 2 > "+ Ga00

Uy
=4 > T =104923 Nmm

\/ (58214)2 + (2400)

T =104.92 Nm
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Maximum-Distortion-Energy Criterion (von Mises’ criterion) | |

Reminding points: N | Moo
B g 1) Hook's Law: e, = ——9——9— N

2) change in volume of a cube unit element:e = &, + €, + ¢,

e | Ife=0thene, +e,+6,=0 - ogy+o,+0,=0
\ S
B W
U= %kx2 = % Px u= % = % o¢ = strain-energy density
Ir
g u= %aasa + %O’b & + %acec Replace strains using Hook’s law

Energy is a scalar quantity

1
and thus for the sake of ease  ,, — [Jg + O'S + O.L; — 29(0,0p, + 0,0, + 0.0p)]
principal axes are considered

ap . (Ub - aavg)
~ I :
o
Oc O4 (O-c aavg)
'
@) ©
U=1uU, + U Ogvg = 04 = 0q —Ogyg Op =O0p —Ogyg O¢ = O¢c — Ogpg

Experimental evidence show that materials can withstand very high uniform (hydrostatic) stresses without
yielding. In 1904 Huber proposed that yielding in a ductile material occurs when distortion energy per unit
volume of the material exceeds or equals the distortion energy per unit volume of the same material when it is
subjected to yielding in a sample tension test. To obtain uq then substitute stresses with 0, p, ¢ — 0gyg

1+9
6E

[(aa — )% + (0, — 0.)* + (0, — 0)* ] for plane stress: uy = S 02 — 0,0 + ag]

Ug = 3E

.. . 149
For uniaxial tension test 0, = oy and 0, = 0 (ug)y = —- 2 forplane stress: o2 — 0,0}, + 0f = of

For general state of stress: von Mises equivalent stress = oy = \/% [(0a — 0p)? + (0p —0)* + (0, —0)* | = oy

Since only differences of the stresses are involved adding a constant stress to each does not alter the yield condition

a; o) 1) Same results for six points (uniaxial and 6; = o, conditions)
?
" 2) Tresca’s criteria is more conservative

TTy L
Y pe A Ty P i \
C / For torsion (maximum difference):
050y |1 05770y
Y 0 —oy / | \ 6. = -6p = +0.56y (Tresca)
® ° a, AW T
10y “ 0O : 1Oy %a

| Ga = -6 = £0.577 6y (Mises)

D tv/oy = 0.55-0.6

B oy ————1 0y ['orsion
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Example 7: Consider a cylindrical vessel with internal

pressure of P, radius of r, and yield stress of oy. Find
minimal thickness of vessel based on von Mises criterion.

O—-ﬁ —E 2 _ + 2 _ 52
- UZ—Zt 01 — 010 T 0y = Oy

(D2 -EY D +EP =02t

Pr 0 p
—=0 ¢ T

Tresca: Tpmgy = - 5 =7y —t=— T
y

__ 3Pr

Zay

Example 8: The element with yield stress of Gy is under pure shear
loading as shown. Find factor of safety based on Von-Mises criterion.

2 2

01,2 = i\/( )4+ Ty =%1

02 =0f —0,0, + 02 02 =1-1(-1)+ 1

g
y
(X T - (X
0, = V31 SF = —2-Based on Tresca criterion: SF = —*- =%+ =2
V31 Tmax T 2T

Example 9: The state of stress shown occurs in a machine component made of a
brass for which oy = 160 MPa. Using the maximum-distortion-energy criterion,
determine the range of values of oz for which yield does not occur. Y

20 MPa

_ Oxt0y Ox—0y 2 2 _ 100420 100-20 2 2
012 = + [( )e + Tyy™ = + |( )+ 75
2 2 2 2
o is the 3" principal stress as there is

01,2 = 145 MPa, 25 MPa no shear stress on face z 75 MPa

.

J% [(145 — (-25))" + (-25 - 0,) + (0, — 145)2] < 160 MPa

1 =
\/5[(O_a_o_b)2+(ab_ac)2+(ac_aa)2] = 0Oy o 100 MPa

262 — 240 0, — 650 < 0

—2.65 MPa < 0, < 122.65 MPa  SOLVE USING TRESCA'’s CRITERIA. Is there a solution?
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TBR 5: The stresses on the surface of a hard bronze
component are shown in the figure. The yield strength of
the bronze is oy= 345 MPa. (a) What is the factor of safety
predicted by the maximum-shear-stress theory of failure
for the stress state shown? Does the component fail
according to this theory? (b) What is the value of the
Mises equivalent stress for the given state of plane stress?
(c) What is the factor of safety predicted by the failure
criterion of the maximum distortion energy theory of
failure? Does the component fail according to this theory?

Solution

Principal stresses:

80 MPa

_V\ 125 MPa

.“

= g
190 MPa

a

oL 2 2
=55 MPa +183.984 MPa
therefore,
o, =239 MPa

c,,=-129.0 MPa

_ (190 MPa)+(-80 MPa) \/[(190 MPa) — (80 MPa)

2
] +(125 MPa)’

(a) Maximum-Shear-Stress Theory: Since oy, is positive and o2 1s negative, failure will occur if

|O'P1 — O'le 2o, . For the principal stresses existing in the component:

|o,, — 7, = [238.984 MPa — (~128.984 MPa)| = 367.968 MPa > 345 MPa N.G.

Therefore, the component fails according to the maximum-shear-stress theory. The factor of safety
associated with this state of stress can be calculated as:

| o 1 Riivss

367968 MPa

(b) Mises equivalent stress: The Mises equivalent stress gy associated with the maximum-distortion-
energy theory can be calculated from Eq. (15.8) for the plane stress state considered here.

172
Ou = I:O—él =1 Ty £ O—g?;z]
= [(238.984 MPa)* —(238.984 MPa)(~128.984 MPa) + (~128.984 MPa)* |~

=323.381 MPa =|323 MPa Ans.

(¢) Maximum-distortion-energy theory factor of safety: The factor of safety for the maximum-
distortion-energy theory can be calculated from the Mises equivalent stress:

345 MPa
FS = ————=[1.067] Amns.
323.381 MPa

According to the maximum-shear-stress theory, the component does not fail.
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Example 10: The 60-mm-diameter shaft is made of a grade of d
steel with a 300 MPa tensile yield stress. Using the maximum-

shearing-stress criterion and maximum-distortion-energy d &
criterion determine the factor of safety for magnitude of the \
torque T= 5 kKNm, P = 100 kN, and M = 2.3 kNm. P L

Based on Tresca’s criterion (for critical point):

P 100000 N Mr (2300000 Nmm) (30 mm)
= —=_—— =3536MPa, 0,= —= = 108.46 MPa

A %(60 mm)?2 I %(30 mm)*

Oyx

Tr (5000000 Nmm) (30 mm)
—= =117.9 MPa o, = 143.8 MPa

T =
S % (30 mm)*

Oab = Ux;"’y T \/(@)2 + Txy? = 04 = 210 MPa , 0, = —66.2 MPa

300

Ga— 0y 210 — (—66.2) r, 5 MPa
= = = 138.1 FS = = = 1.08
fmax =7 2 Trae  138.1 MPa
Based on von Mises criterion:
054 =02 — 0,0, + 0f = (210)% — (—66.2 X 210) + (—66.2)2
— 249.76 MP ps= S0MPa 5 %a_ 3,
Om = £%5 4 = 24976 MPa Y &,
(Th
+(T)'
=y +0y =300 MPa
ol %
Load line
— 0y ==300MPa
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Example 11: A hollow structural steel flexural member is subjected
to the load shown. The yield strength of the steel is oy = 320 MPa.
(a) Determine the factors of safety predicted at point K by the
maximum-shear-stress theory of failure. (b) Determine the Mises
equivalent stresses at point K. (c) Determine the factors of safety at
point K predicted by the maximum-distortion-energy theory.

225 kN
250 mm

(&}

75 mm 50 mm
_ M =225 kNx1m =225kNm

J

1 1
oy =—, c=50mm, I,= 7% 150 x 2503 EETR (150 — 16)(250 — 16) = 5.22 x 107 mm*

Z

V=225kN

_ (225 x 10° Nmm) (50 mm)

- 0, 527 % 107 = 215.37 MPa (compressive) = —215.37 MPa
v 125-50-38
Txy=12", t, =16 mm, Qk=37A=(125—4)(8><150)+2[( - )+SOl(67x8)
z'k
= 234712 mm?3
_ VQi _ (225000 N)(234712 mm3) _ _ oxtoy Ox—0y 5 )
7 Tay T Ity (5.22x107mm#*)(16mm) 63.18 MPa, o = 2 + \/( 2 )%+ Tuy
0+(—215.37 0—(—215.37
Oop = 20 4 \/(%)2 +63.182 = 17.17 MPa, —232.54 MPa
320
17.17 — (—232.54) —
Ty = > = 124.85 MPa FS)rresca = T3455 = 128

0% =02 — 040 + 0f = (17.17)% — (17.17 x (=232.54)) + (—232.54)% - g, = 242 MPa

320
FS)von mises = 242 =132



Example 12: A steel shaft with an outside P /
diameter of 20 mm is supported in flexible _
bearings at its ends. Two pulleys are keyed to
the shaft, and the pulleys carry belt tensions z

as shown. The yield strength of the steel is 350 300 N /f

MPa.(a) Determine the factors of safety 120 mm
predicted at points H and K by the maximum- )
2,100 N

shear-stress theory of failure. (b) Determine
the Mises equivalent stresses at points H and
K. (c) Determine the factors of safety at points
H and K predicted by the maximum-
distortion-energy theory.

1

120 mm

.~~~ 300N

200N ) '
Equilibrium of entire shaft:

XF,=-4 -D +300N+2100N+L100N+200 N=0
IM , , . =—(300 N)(150 mm) — (2,100 N)(150 mm)
—(1.100 N)(450 mm) — (200 N)(450 mm) + (600 mm)D_=0

therefore

D, =1575Nand 4, =2.125N

Detail of equivalent forces at H and K: Detail of equivalent moments at H and K:
- .
i ”
F,
H H
= \-K( \{ s .
& i :.;,__ 3 EM‘ - i
E =0N M =(1.100 N)(120 mm) — (200 N)(120 mm)
F,=0N =108.000 N-mm
F =1L100 N+200 N—1,575 N M, =(1,575 N)(300 mm) — (1,100 N)(150 mm)
=-275N —(200 N)(150 mm) = 277,500 N-mm

M. =0 N-mm




Consider point H.
Force F creates a transverse shear stress in the xz plane at H. The magnitude of this shear stress is:

(275 N)(666.667 mm’)

- ~1.167 MP
= = (7.853.982 mm"*)(20 mm) )

Moment M,, which is a torque, creates a torsion shear stress in the xz plane at H. The magnitude of
this shear stress is:
- M (108.000 N-mm)(20 mm/'2)
U 15,707.963 mm*

=68.755 MPa
Moment M, does not create bending stress at H because H 1s located on the neutral axis for bending
about the y axis.

Summary of stresses at H: 67.588 MPa et

o, =0 MPa L X
G, =0MPa
P15.77 -
r_ =—1.167 MPa + 68.755 MPa = 67.588 MPa Element H
Z

Principal stress calculations for point H:

g g ’: Lokl J{ 5 Kby :(0 MPa)] +(—67.588 MPa)*
=0 MPa +67.588 MPa
therefore, o, =67.588 MPa| and |o,, =—67.588 MPa

Consider point K.
Force F- does not cause either a normal stress or a shear stress at K,

Moment M,, which is a torque. creates a torsion shear stress in the xy plane at K. The magnitude of
this shear stress is:
_ M. (108,000 N-mm)(20 mm/2)

&, < = 68.755 MPa
J 15.707.963 mm

Moment M, creates bending stress at K. The magnitude of this stress is:
M,z (277.500 N-mm)(20 mm/2
o, =——= ( X 3 ) =353.324 MPa
I 7.853.982 mm

v

Moment M. does not create bending stress at K because K 1s located on the neutral axis for bending
about the z axis.

y
Summary of stresses at K: P15.77
o, =353.324 MPa 68.755 MPa = Element K
=0 MP
o =l -
Ty, =—68.755 MPa 353.324 MPa
—

Principal stress calculations for point K:
_ (353.324 MPa) + (0 MPa) ‘/['(353.324 MPa) — (0 MPa)

plp2 = ) 2

J +(—68.755 MPa)’

=176.662 MPa +189.570 MPa
therefore, [0, =366.232 MPa| and o, =—12.908 MPa|
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(a) Maximum-Shear-Stress Theory
Element H:

|O‘P1 -0,

=|67.588 MPa — (—67.588 MPa)| =135.176 MPa

The factor of safety associated with this state of stress is:

q
Ty Ans.

" 135.176 MPa

Element K:

|op1 -0,

=[366.232 MPa — (~12.908 MPa)| = 379.140 MPa

The factor of safety associated with this state of stress is:

350 MPa
= —=10.923 Ans.
X 379.140 MPa 0525

(b) Mises equivalent stresses at points H and K:
Element H:

2 5 P2
Oumnm™= [0;1 0%, t 0;2]
= [(67.588 MPa)® — (67.588 MPa)(~67.588 MPa) + (~67.588 MPa)* ]~

=117.066 MPa = Ans.

Element K:

172
b p]
Opr= [a;l —0, 0, T 0;:]

o »m1/2
=[(366.232 MPa)’ — (366.232 MPa)(—12.908 MPa) + (~12.908 MPa)’ |

=372.853 MPa = Ans.
(c) Maximum-Distortion-Energy Theory:
Element H:
350 MPa
= = -2.99 Ans.
2~ 117.066 MPa [2.99] "
Element K:
350 MP
B ——— Ans.

~372.853 MPa
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TBR 6: If the A-36 steel (oy = 250 MPa) pipe has an outer and
inner diameter of 30 mm and 20 mm, respectively, determine the
factor of safety against yielding of the material at point A according
to the maximum-distortion-energy theory.

Internal Loadings: Considering the equilibrium of the free - body diagram of the
pipe’s right cut segment Fig. a,

SF,=0; V,+900—900=0 V=0
SM, =0, T + 900(0.4) = 0 T = —360N-m

SM, = 0; M, + 900(0.15) — 900(0.25) = 0 M, = 9ON-m

Section Properties, The moment of inertia about the z axis and the polar moment of
inertia of the pipe’s cross section are

I, = % (0.015* — 0.01%) = 10.156257(10~*) m*

m

7 =7 (0015 - 001*) = 20.31257(107°) m*

Normal Stress and Shear Stress. The normal stress is caused by bending stress. Thus,

My, 90(0.015) AIMP
oy = — = — —— . a
I 10.156257(10°°)

The shear stress is caused by torsional stress.

360(0.015
T =E—# = 84.62 MPa

7 2031257(109)

In - Plane Principal Stress. o, = —42.31 MPa, o, = O and 7,; = 84.62 MPa. We have

o, + o, \/o‘x—uzz o
o1 = + + Ta”
1,2 2 2 xZ

—-4231 + 0 \/( —42.31 — 0
= =

2 2
+ 84.62
5 3 ) 84.62

= (—-21.16 + 87.23) MPa

Maximum Distortion Energy Theory.
o — 0103 + 027 = oaow’
66.07> — 66.07(—108.38) + (—108.38)> = apiow>

Talow = 152.55 MPa

Thus, the factor of safety is

oy 250

FS. = - -
T aflow 152.55

1.64
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TBR 7: A force Po applied by a lever arm to the shaft
produces stresses at the critical point A having the values
shown. Determine the load Ps = cs Po that would cause the 14.14 Ksi

shaft to fail according to the maximum-shear-stress theory, — 10 ksi
and determine the load Pp = cp Po that would cause failure | 4 [[—> —x
according to the maximum-distortion-energy theory. The
shaft is made of steel with oy = 36 ksi.

8 4

Ox—

_ ox+0oy Ty\o 2
0-1,2_ 2 i\/( 2 ) +Txy

10+0 -
01, = -1 \/(“’2 2 +14.142 0y, = —10,20 ksi

. . 0,(ks1)
* The stresses at point A are proportional to load 3 .
> 5, (ksi)
Tresca:
0, = —20;,00 — 0, =0y, =36 ksi, 01 =24ksi o, = —12 ksi (20, -10)
Max.-shear- G
Ps 24 ksi 12 p—12p stress thgry D Load line
Py 20ksi O ST 0 >
cs=1.2 :
\\‘
_36 T Max.-distortion-

) energy theory (ellipse)
Von Mises:
01 = —20,,00% -010, + 0,° = 0,° = (36 ksi)?

oy >0ando, <0
0-1 = 27.2 kSl 0-2 = _13.6 kSl

PD_27.2ksi_136 b 136 p
P, 20ksi b= =amro
cp=1.36

OR

02 = 0 — 0,0, + 62 = (20)2-(-10x20)+(-10)>2 o, =26.4 ksi



TBR 8: A sign is supported by
a pipe (oy = 250 MPa) having
outer diameter 110 mm and

,.]

inner diameter 90 mm. The Rose’s | (T) m
dimensions of the sign are 2.0 . Editing Co. ’
m X 1.0 m, and its lower edge is - X
3.0 m above the base. Note that Pine .05 m "
the center of gravity of the sign P - toc.g.
. . T
is 1.05 m from the axis of the
pipe. The wind pressure against —l<—110 mm
the sign is 1.5 kPa. Determine
factor of safety based on Tresca 3.0m
and von Mises (maximum- l l B C
distortion-energy theory) X x
criterions at points A, B, and C.
A A
B~_I|¥ :
il ¢ , Section X-X
Pipi:: d, = 110 mm d, = 90 mm =10 mm MAXIMUM SHEAR STRESS AT POINT A . 5=y
I=2(d4—d}) I1=3966x 10°mm* §% Md,
64 i oy=—; o =145603MPa
I,=21 1,=7.933 % 10°mm* — Tay -
| ot : Ty =5~ Ty =2184MPa
=33 (42 — ai) S . I
== e - A ——e T
Q =5.017 X 10°mm’ Tmax = \.‘ (T) T Ty
SIGN: A = 2m? E Tmax = 76.0 MPa —
. |
h=(3+3)m Tresca: FS = (250/2)/76 = 1.64
b=105m

MAXIMUM SHEAR STRESS AT POINT B

I’

—

MAXIMUM SHEAR STRESS AT POINT C

-

TX\' l
WIND PRESSURE Py = 1.5 kPa . ) kd
P=p,A P=3kN e S
«—l 21— — | e T_,
STRESS RESULTANTS AT THE BASE g '_ 3 g :
M=Ph M=105kN'm
s
T=Pb  T=315kN-m 1 T
]
V=P V=3kN b
o, = o, = 0
o,=0 oy, =
Td, VQ Td, VQ
L = 19.943 =—24  =123.738
Ty 21, 120 T = 19.943 MPa Toy 21, " 120 Tay 738 MPa
[(ox — oy\2 " j oy — oy\? 5
Pure shear Tmax = 19.94 MPa «— Pure shear Tmax = 23.7 MPa —
Tresca: FS = (250/2)/19.94 = 6.26 Tresca: FS = (250/2)/23.7 = 5.27



TBR 9: A steel shaft with an outside
diameter of 20 mm is supported in flexible
bearings at its ends. Two pulleys are keyed to

the shaft, and the pulleys carry belt tensions

as shown. The yield strength of the steel is Oy

= 350 MPa. Determine the factors of safety
predicted at points H and K by the %
maximum-shear-stress theory and by the
maximum-distortion-energy theory.

Detail of equivalent forces at H and K: Detail of equivalent moments at H and K:
y »
M
F
H H
B R X A I: M\_ ~ "~
F =0N M _=(1.100 N)(135 mmny/2) — (300 N)(135 mny/2)
F,=—400 N =54.000 N-mm
F,=1100N+300 N-LO50 N M_‘, =(1.050 N)(320 mm) — (1.100 N)(160 mm)
=350N —(300 N)(160 mm) =112.000 N-mm
M_ =—(400 N)(320 mm) =-128.000 N-mm

Consider point H.
Force F, does not cause either a normal stress or a shear stress at H.

Force F. creates a transverse shear stress in the xz plane at H. The magnitude of this shear stress is:
(350 N)(666.667 mm’)
(7.853.982 mm*)(20 mm)

=1.485 MPa

x

Moment M,, which is a torque, creates a torsion shear stress in the xz plane at . The magnitude of
this shear stress 1s:
M ¢ (54.000 N-mm)(20 mnv'2)

T, 3
b 15.707.963 mm

=34.377 MPa
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Moment M, does not create bending stress at A because H is located on the neutral axis for bending
about the y axis.

Moment M. creates bending stress at H. The magnitude of this stress is:
My 28, - 2
= 1.3 _ (128,000 N-mm)( 0111111!2) —162.975 MPa
i 8 7.853.982 mm

35.863 MPa =

Summary of stresses at H:
o, =162.975 MPa {—H X
162.975 MPa l

> P15.78
- =1.485 MPa +34.377 MPa = 35.863 MPa Element H

Principal stress calculations for point H:

i
162.975 MPa) + (0 MP 162.975 MPa) — (0 MPa) )
2= :’H( 2) i\/(( f) ( a)] +(~35.863 MPa)’

—_— —

=81.487 MPa +89.030 MPa
therefore. 0, =170.517 MPa| and |0, =-7.543 MPa

(a) Maximum-Shear-Stress Theory
Element H:

o
The factor of safety associated with this state of stress is:

350 MPa
# " 178.060 MPa

(~7.543 MPa)| =178.060 MPa

=11.966

(b) Mises equivalent stresses at points H
Element H:

. , 12
Oym= [0;1 —0,0,,t O;z]

=[(170.517 MPa)’ — (170.517 MPa)(~7.543 MPa) + (~7.543 MPa)* | -

=174.411 MPa =[174.4 MPa]
FSH 350 MPa --

174.411 MPa
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Failure (Fracture) Criteria for Brittle Materials under Plane Stress
For uniaxial tensile test failure occurs when ¢ = oy (ultimate stress).

For plane stress conditions a criterion needs to be defined

Maximum-Normal-Stress Criterion (Coulomb’s or Rankine; Criterion)
4"0
A \

For Brittle materials: 1- fracture is due to normal stress and 2- oy <
oyc (e.g., for cast iron oy = 4 X oyr). Shortcoming: Not good if
0,,0, < 0. But it shows good agreement with experimental tests if
there exists a tensile principal stress or for a brittle material with
oyr = gy (this is seldom due to presence of cracks).

lop| < oyr FS =

log| < oyr

Oyr /

max (0,4, 06p)
Mohr’s and simplifies Mohr (Coulomb-Mohr) Criterion
Applicable when results of various tests on material are available. If both
principal stresses are positive, the state of stress is safe as long as G.<cur

and op<oyr; if both principal stresses are negative, the state of stress is
safe as long as Ical<loycl and lopl<loycl.

oy=0g

a

Rupture

No yielding for
brittle conditions so

caution is required
€
Stress-strain diagrqm for a

typical brittle material.
(J"lJ

ouTt

=0ouT

a

our

-out

Coulomb's criterion.

T
T
e . A
il Failure Envelope
C
/ \ /_ _ __\ B .
/ a "
f \ Yak
*, o, Y (;O-UC o J ; D
a '(":_ ap, ON b Jout oyr UC Ci \\ o
\ / g B 9ur
T A’ Usually More conservative
o than Mohr'’s criterion
T CC3—BC1 ACZ—BCl b
Failure Envelope DC; —DC, DC,-DC, Simplified Mohr’s criterion.
- oy,
i l'
0q—0p Oyr |¢TUC|_GUT
2 2 2 2 odur
o Our_09at0p oyr n loycl
Ouc o our 2 2 2 2 P-4
o, o il
- =1 e /our O,
oyr loycl /

Mohr’s criterion.
Only when principal stresses have

opposite sign //o'a )
/ oyr loycl
For design, incorporating the factor of safety FS, divide all strengths by FS: oue
o, o 1
oyr loycl FS’

— |ch|/
OR FS max (|a4],|03])

Mohr'’s criteria can be used in ductile conditions in which yield stress in tension and compression are very different
as Tresca and von Mises criterions both assume that yield stress in tension and compression are equal.

If principal stresses have the same sign: FS = a”T/m ax (04, 07)



(29) y

Example 13: For a certain point of a cast-iron machine frame the 100 MPa
state of stress on an element is as shown. Find factor of safety based
on Mohr’s criterion (cut = 295 MPa and cuc = 970 MPa).

0] 150 MPa
| o__§ .
__ Oxtoy Ox—0y\ o ) g
Oab =~ i\/(—2 )+ Tyy Pl
S
~ [Te]
150—-100 150+100 (0} o 1
= J_r\/(;)2 +502 =159.6 MPa,—109.6 MPa —%— -2 =— -
2 2 ouT ouc FS
7 (MPa)
Compression test 159.6 —-109.6 1

Tension test 295 970 = 7S - FS = 1.53

How to calculate FS using Mohr’s circle?
o (MPa)

State of Stress

Example 14: The shaft of a femur can be approximated as a hollow cylindrical
shaft. The loads that cause femur bones to fracture are axial torque and
bending moments. During strenuous activities (e.g., skiing) the femur is
subjected to torque of 7 = 100 Nm. Determine the maximal bending moment
M that the bone can support without failure according to maximum normal

stress criteria (D = 24 mm, D; = 16 mm, Gut = 120 MPa, 6yc = 240 MPa).

_Tr 100000 (Nmm) (12 mm)

T = 45.9 MPa
o] % (12* — 84) mm*

_ Mr M (12 mm)

— = 0.000918 M
I 7 (12% — 8% mm*

. __ Oxtoy Ox—0y _
o, =0; 04 = . i\/(—2 )2 + 1,,% =

0.000459 M + ,/(0.000459 M)? + (45.9)2

Omax = 0.000459 M + ,/(0.000459 M)? + (45.9)2 = 120 MPa — M = 111594 Nmm

Based on Coulomb-Mohr:
0.000459 M + \/(0.000459 M)? + (45.9)? 0.000459 M — \/(0.000459 M)? + (45.9)? _q
120 240 B

M = 99555 Nmm (Which criteria is more conservative? Why?)
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Example 15: The cast-aluminum rod shown is made of
an alloy for which cur = 60 MPa and cuc = 120 MPa.

Using Mohr’s criterion, determine the magnitude of the A 8 i T
torque T for which failure should be expected. ¥
B> .
P 26 000 N 32.3 MP i .
Oy = == —— = 32. a . |
A T 2
7 (32 mm) /g ("
Tr T (16 mm) 4 A 2
Ty =7 =7——=155xX107"T
J > (16 mm)*
_ Oxtoy Ox—0y ay,
Oap = i\/( > )2+Txy2
ouT
Oa —7"'\](?) T Txy
g IT= 60 MPa
o / Ta
op =—— [(= T 2= -

b 2 \/(2) + xy \ o, 2.75
o, >0and g, <0 Load Line
Ba _ % _ 1 J(T(-(-=120MPa
our Ouc

16.15 MPa+,/(16.15 MPa)2+(1.55x10"%* T)2  16.15 MPa—/(16.15 MPa)2+(1.55X1074T)2
60 MPa 120 MPa -

1

T=196900 Nmm = 196.9 Nm o, = 50.7 MPa o, = —18.4 MPa
A T (MPa)

Compression test Failure Envelope

120

» ¢ (MPa)

Tension test
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Comparison of Yield and Fracture Criteria with Test Data

N Maximum
. -2 A distortion energy
Maximum Cult
normal stress
———--~
\ - ~\d9
,‘,(' 1.0 . $
/,/ rad
PR 4
/' /,
2 7 W
/7 ,l I
¥ 4 + 8#
/
/" \ .
¢, Maximum 6’
& shear stress A
| 4 -
J|-1.0 0 L1100 o1
) P/ Oult
i | ,9@? .
I + Cast iron , '
o} /0
I‘ Steel 2° o
® Copper /207 +
\ . > 4 "
\ A Aluminum ,’ N
\ K
\~~-———"’ —1.0
E.P. Popov (1990), page 529
Remark: Pure shear test
o g T —T
Principal stress: 0, = 17,, and g, = —1,, — — b =1 5 x_ _x=1
p a u b v oyr oyc oyr oyc
OoyrOuyc . oyr
= ——— ifoyr=0 - T, =—
our + Tuc four uc u="



TBR 10: The cast-aluminum rod shown is
made of an alloy for which cur = 31000
psi and cuc = 109000 psi. Using Mohr’s
criterion, determine the maximum
magnitude of the force F for which factor
of safety is equal to 2 at point A (neglect
shear stress due to F' and only consider
bending and torsion stresses at point A).

Mr _ (14F)(0.5 in)

o 7 (0.5 in)*

Tr _ (15F)(0.5in)

Ty = — =764 F
Y Z(05in

Oab = i\/( 2 ) + Tyy

O, = % + \/(%)2 +7,y2 =1758F

op = %— \/(%)2 + 17,2 = —33.2F

O, Op 1

oyr Oyc 2

(32)

(T/)

1758F —332F 1
31000 109000 2
F = 83.5 lbf

o, = 14680 psi

op, = 2772 psi

TUC|

oy =31000
‘\ .
/ Load Line
Jda _ _c3
Op .

auc = 109000
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TBR 11: The shown press is made of cast iron having ultimate strength in tension (cur = 170 MPa) and
compression (cuc = 650 MPa). Calculate the allowable load P according to the Mohr-Coulomb criteria and
based on a factor of safety equal to 2.5.

D
I i i T [
=N g g
B A 2 | Be A g
—0 o— =
P Sy b 2
| - 0.4 11 > ])
E - _¢
I
120 mm | N_ A_
|
" Section A-B I
|
: |
pro— ,ﬁ‘ 190 mm _,:
(e _ = ! = A g
| E E Be 6—0 P
B A 0 ] E
-0 o— p I
|
M lp vy
|
v -—180 mm—|<=——>
120 mm
_ YXyA 90 x (180 x80) + 240 x (120 x 240) Section A-B
y= = =190 mm
YA 180 x 80 + 120 x 240

M = P(400 + 180 + 120 — 190) = 510 P (Nmm)

1 1
Ina. =75 80(180)° + (80 x 180)(100)° + 240(120)° + (120 x 240)(50)° = 2.8944 x 10° mm*

12
P Mcygy P (510 P)(110 mm)
- — 4 = = 0.000217 P
Omax) rensite A I (180 x 80 + 120 x 240)  2.8944 x 108 mm*
P Mc P 510 P)(190 mm
max - ( ) ) _ —0.000312 P

=—+4 = =
amaX)Comp A I (180 x 80 + 120 x 240) 2.8944 x 108 mm*

o, o, 1 0 —0.000312P _ 1 o en gy
=— > — =— S P = = .
oyr  Oyc 25  170MPa 650 MPa 2.5

6, o, 1  0.000217 0

—_

our Oy 25 _ 170 MPa 650 MPa 2.5

— P = 313406 N = 313.4 kN (controls)
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TBR 12: A 1.25-in.-diameter solid shaft is
subjected to an axial force of P =7,000 Ib, a
horizontal force of V = 1,400 1lb, and a
concentrated torque of T = 220 lb-ft, acting
in the directions shown. Assume L = 6.0 in.
The ultimate failure strengths for this
material are 36 ksi in tension and 50 ksi in
compression. Use the Mohr failure
criterion to evaluate the safety of this
component at points H and K.

i %(1.25 in)* =1227185 in’ F %(1.25 in)* =0239684 in*
25 1 )}
s (l‘j—:“) =0.162760 in* I=I= %(1 25in)* =0.119842 in*
Equivalent forces at H and K:
" =—7,000 Ib
F,=0b
F.=1400 Ib

Equivalent moments at H and K:
M, =220 Ib-ft =2.640 Ib-in.

M, =—(1.400 Ib)(6 in.) = —8.400 Ib-in
M, =01bin

Each of the non-zero forces and moments will be evaluated to
determune whether stresses are created at the point of interest.

Consider point H.
Force F, creates an axial stress at 4. The magnitude of this normal stress 1s:

o, =ﬂ =5,704.113 ps1
1.2271851n?
Force F. creates a transverse shear stress i the xz plane at ' The magnitude of this shear stress 1s:
o (1.400 I1b)(0.162760 in*)

= . — - =1.521.097 psi
= (0.119842 n*)(1251n) £
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Moment M., which 1s a torque. creates a torsion shear stress in the xz plane at H The magnitude of
this shear stress 1s:
.- Mc _ (2.640 1b-1n.)(1.251n./2)
- 0.239684 n*

= 6.884.050 psi

Moment M, does not create bending stress at /A because H 1s located on the neutral axis for bending
about the y axis.

8,405.147 pSi ct

Summary of stresses at H:
o, =—5.704.113 psi — ¢
. 5,704.113 psi
O': = 0 psl — s
r,. =1.521.097 psi + 6.884.050 psi = 8.405.147 psi B i

Principal stress calculations for point H:

- (—5.704.113 ps1) + (0 ps1) + [ (£5.704.113 pst)— (0 ps1)
e = 7 - 7

) +(-8.405.147 psi)®

=—2 852057 ps1+8.875.850 ps1
therefore, O, =6.023.794 ps1| and |0, =—-11.727.907 ps1

Mohr failure criterion at point H:
Op _Opn  6.023.794psi  —11.727.907 psi
Gur Ow 36,000 psi 50,000 psi
= 0.167 —(-0.235)

=[0.402 ~. acceptable| Ans.

Consider point K.
Force F, creates an axial stress at K. The magnitude of this normal stress is:

o =-L01t_,-;=5.704.113 pst
* 1.227185m°

Force F_ does not cause erther a normal stress or a shear stress at K.

Moment M., which 1s a torque, creates a torsion shear stress in the xy plane at K The magnitude of
this shear stress 1s:
- M.c _(2.640 Ib-m )(1.25 1n/2)

» g 0.239684 i =

Moment M, creates bending stress at K The magmitude of this stress 1s:
o M,z (8.400 Ib-in )(1.25 in/2)

il 4 0.119842 in*

=43,807.591 ps1
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y
Summanrv of stresses at K: &
= : ) . 6,884.050 psi et
o, =—5,704.113 ps1 —43,807.591 ps1 =—49.511.704 psi ! o —
i —>‘|
= 49,511.704 psi I
7, =—0.884.050 ps1 —
Principal stress calculations for point K
- : - R, |
—49.511.7 —49.511.704) - 3 .
g = EOALTA P+ 00D, J[ (49511709 -0 ps:)} + (6854050 pai?

=-24.755.852 ps1£25,695.182 ps1
therefore. 0, =939330psi| and [0, =-50,451.034 psi

Mohr failure criterion at point X:
Opn  Op  939.330ps1  —50.451.034 ps1
Gy Oy 36.000psi 50,000 psi
=0.026—(-1.009)

= |1 .035 . not 3ccept:|ble|

Ans.
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" M =100 Nm
TBR 13: The shaft of a femur can be approximated as a

q

hollow cylindrical shaft. The loads that cause femur
bones to fracture are axial torque and bending moments.
During strenuous activities (e.g., skiing) the femur is
subjected to M = 100 Nm. Determine the maximal torque
T that the bone can support without failure according to
Coulomb-Mohr criterion and factor of safety of 1.2 (D =

24 mm, D; = 16 mm, Gy = 120 MPa, Gy = 240 MPa).

Tr T (12 mm)
Tyg = — == = 0.000459 T
J 5 (12* — 8*) mm*

Mr (100 000 Nmm) (12 mm)
I 7 (12* — 89 mm*

oy = =91.8 MPa

0, = 0; 0 = %+ \/("x;"Z)Z + 7,,2 = 45.9 + ,/(45.9)2 + (0.000459 T)2

Based on Coulomb-Mohr:
45.9 +,/(45.9)2 + (0.000459 T)2  45.9 — ,/(45.9)2 + (0.000459 T)2 1

120 240 1.2
T =50237.8 Nmm




TBR 14: A pipe (oy = 95 MPa) with an
outside diameter of 140 mm and a wall
thickness of 5 mm is subjected to the
loadings shown. The internal pressure in the
pipe is 1,600 kPa. (a) Determine factor of
safety at point K according to Tresca and
Mises criterion. (b) if the structure is put in
the brittle conditions find factor of safety at
point H according to Coulomb-Mohr

criterion ( out = 80 MPa, ouc = 160 MPa).
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7500 N

B 2 , 2 .
R=1T (‘7‘6 M — és,wvw) = Ao, $F  wm :

o0 (Fr-est) = é%ixfcé o
4
1:%— (:l_b s )»4«33‘7‘)(/0 W ot
e 4000 x5 Nt X 70 -
Ay - = i = 25.94 MPa ?I/ZJ/
3 & 9.6+ x(66 mma -
o . ) S$4xF0 pa 2 4xES W
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= e o e (R e
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=
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. —— _ |l.s3MPa <E—T
45"”}“0 mwm 4
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Ty = 5. ¢ Mba

)

et
A6 -22.3y 5
0’\1.1:&\(’*&) +/(T")_*3\q =al. 35+ A\.90
el : =558 g
: Ty 5/ 0.0%8>
F‘S‘Trzg(c = — e : e Q_.\GS
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S
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al P(W':J— r
g - By gu o W
K ’X ‘
Axto 1 x§S au
. ) 2 M2 4 X n
Ao V& _(3a00n) i’*“ e it ?‘ 3 TPA
7 bay (4’\8%:")('06 Ww4) (AXS" lMWl) =5

_ (3seoxes, Nwm) (Fo w
& e)c “) = —25 1aMPe
4’\?%9‘)('0 W\,\/{L"'

M
> =iy

O = L0311 5,0 = 21 g MPa

0y = 31.6 M=
MP
6__> = PQ—}*\%“’\—loxC& — «—-l‘,.g'g P

oy = 2894 — 30 = aS.5 Wi

o, R (ﬂﬂs)’;'cx‘b 1 O
S S .
= 3433 Mp
—29.47 o
g e ) 24,13 —23.4% 1
ot Oae o Fs R0 tbo = Fs

Fo = Lo



TBR 15: A pipe (oy = 250 MPa) with an
outside diameter of 95 mm and a wall
thickness of 5 mm is subjected to the
loadings shown. (a) Determine factor of
safety at point K according to Tresca and
Mises criterion. (b) if the structure is put in
the brittle conditions find factor of safety at
point H according to Coulomb-Mohr
criterion ( oy = 250 MPa, oy = 400 MPa).

Solution

Section properties:

(40)

450 mm

10 kN
y
7 kN : 14 kN

A= %[(95 mm)’ — (85 mm)* |=1,413.717 mm’

3

J= —[(95 mm)* — (85 mm)“] =2,871,612.035 mm"

32

X

I,=1= 6—’2[(95 mm)* — (85 mm)* | =1,435,806.017 mm*

0= é[(% mm)* — (85 mm)3:| =20,270.833 mm®

Equivalent forces at H and K:
F =-14kN=-14,000 N

F,=-10kN =-10,000 N
F, =-7kN=-7,000 N

Equivalent moments at i and KX:
M, = (10 KN)(450 mm) — (7 kN)(240 mm)
= 2,820 kN-mm = 2.820 x10° N-mm
—(14 kN)450 mm)
—6,300 kKN-mm = —6.300 x10° N-mm
M = (14 kN)(240 mm)

z

=3,360 kN-mm =3.36 x10° N-mm

M

J

Each of the non-zero forces and moments will be evaluated to determine whether stresses are created at

the point of interest.
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(a) Consider point X.
Force F, does not cause either a normal stress or a shear stress at K.

Force F), creates a transverse shear stress in the yz plane at £. The magnitude of this shear stress is:
(10,000 N)(20,270.833 mm”)

T, - =14.118 MPa
(1,435,806.017 mm*)[(95 mm) — (85 mm)]

Force F creates an axial stress at K. The magnitude of this normal stress is:

o =—LOON 4651 Mpa
1,413.717 mm’?

Moment M, does not create bending stress at K because X is located on the neutral axis for bending
about the x axis.

Moment M, creates bending stress at K. The magnitude of this stress is:
- _ M x  (6.300x10° N-mm)(95 mm/2)
g 1,435,806.017 mm*

¥

=208.420 MPa

Moment M, which is a torque, creates a torsion shear stress in the yz plane at K. The magnitude of this
shear stress is:

M (3360 x10° N-mm)(95 mm/2
¢, = M0 B30 XT0 Nmm)Od mm2) _ 55 579 \pq
J 2.871.612.035 mm

Summary of stresses at K:
o, - v
P15.48

o, =—4.951 MPa + 208.420 MPa 41.460 MPa Element K

=203.468 MPa |203 MPa (T) z 91 ué
203.468 MPa
h—

=—14.118 MPa + 55.579 MPa

Tyz

= 41.460 MPa = |41.5 MPa Ans.

(b) Principal stress calculations:

+(—41.460)’

SCLE O \/((203,4628)_ ~E

=101.734£109.858

0, =212 MPa and o,, =-8.12 MPa . =109.9 MPa

. ] Ty 250/2
Tresca: FS = = =114
Tmax 109.9
von Mises: af = 6% — a,0, +0of = (212)* — (212)(—8.12) + (—8.12)?
250 MPa
oy = 216.17 MPa FS 1.15

= 21617 MPa
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TBR 16: For a given brittle material

under torsion the maximal shear 50 MPa

stress is equal to 80 MPa. Moreover,

the material fails under loading 200 MPa
condition (1). Find factor of safety 1) (2) 60 MPa
for this material under loading ~
condition (2) (use Mohr’s criterion). _— 30 MPa

90 MPa

. 0'1 0'2 80 —80
Torsion:04, =+*80MPa > ——- —=1->—-—=1 (1)
Oyr Oyc Oyr Oyc

. 50 -200
Loading 1: —_— =1
oyt Oyc

(2)

(and (2) » oy =100 MPa and oyc =400 MPa

Loading 2:

Gy t+o Gyx—0O -60+90 -60-90
r12 = 25 (O byt = s [ 4 502

012 = 95.78 MPa,—65.78 MPa

6, o, 1 9578 -6578 1
=— 5 - = — 5 F§=0.89
oyr Oyc FS 100 400 FS




