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CHAPTER 5: EQUILIBRIUM OF BEAMS

Our objective in this chapter is to determine the diagram
of internal moments (M) and shear forces (V) in beams
supporting transverse loading. The bending couple M
creates normal stresses in the cross section, while the
shear force V creates shearing stresses in that section. In
most cases the dominant criterion in the design of a
beam for strength is the maximum value of the normal
stress in the beam. The determination of the normal
stresses (0, = Mc/I) in a beam will be the subject of this
chapter, while shearing stresses will be discussed in the
next chapter.

Shear and Bending-Moment Diagrams

There are three methods to determine the diagram of
internal shear forces and moments in a beam under
transverse loading:

1- Equilibrium Method
2- Load-Shear-Moment Relationship Method
3- Singularity Function Method

Equilibrium Method

The shear and bending-moment diagrams will be
obtained by determining the values of V and M at
selected points of the beam. These values will be found
in the usual way, i.e., by passing a section through the
point where they are to be determined and considering
the equilibrium of the portion of beam located on
either side of the section. The shear V and the bending
moment M at a given point of a beam are said to be
positive when the internal forces and couples acting on
each portion of the beam are directed as shown.
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Example 1: Draw the shear and
bending-moment diagrams for

24 kN/m
64 kN « m

the beam and loading shown and

determine the maximum normal
stress due to bending.

Finding support reaction forces:

+
—>ZFX=O—>A,C=O.
+T2Fy=0—>Ay+By—24><2kN=O.

@ZMA=0—>64—By><4+(24><2)><5=0.

B,=76kN, A, =-28kN

v
X~

24 kN/m
M

Equilibrium of part AC:

H D B =0-V =4, =-28KkN

B,
% x

“ZM=0—>—28X—M=O.—>M=—28x

724 kN/m

64 kN « m

C B

M

Equilibrium of part CB:

Ax A

—28 kN

+T2Fy=0—>V=Ay
mZM=0—>—28x+64—M=o. A

> M =—-28x+ 64

y
[~
V (kN) A
Equilibrium of part BD:

+T2Fy=O—>Ay+By—24(x—4)—V=0

V=-28+76—24x+96 >V = —24x + 144

2m

| By
2m—f<—2m
|
48

48

-56 -56

mZ:M=0—>—28x+64+76(x—4)

_24(x—l;)(x—4)_M=0.

> M = —12x? + 144x — 432

-28

M A
(kNm)

Maximum normal stress:

Mc _, (56000000 Nmm)(254/2)
oO=——==

I 61.2 x 106 mm*

= +116.2 MPa
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Load-Shear-Moment Relationship Method

The construction of the shear diagram and,
especially, of the bending-moment diagram will
be greatly facilitated if certain relations existing
among load, shear, and bending moment are
taken into consideration.

HTYE=0->V-V+AV)—wx=0-

AV =—-wAx > —=—-w->
dx

XD
VD—ch—f wdx -
xc

Vb - Vc = - (area under load curve between C and D)

Yy

Ax
+“ZMC'=O—>(M+AM)—M+wa——VAx=0

2

Ax? dM

w
AM =VAx — =VAx > —=V
dx

XD
MD_MC:j. de_)
Xc

Mbp - Mc = (area under shear curve between C and D)

¥

w

<

)_\l + AM

C'v + Av

Ax
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2 kN
Example 2: Draw the shear and \ 140 mm
bending-moment diagrams for the 3 kN/m '
beam and loading shown and
determine the maximum normal C
stress due to bending. Al | B
o A\
+T2Fy=0—>RC+RB=2+3><4 \
= 14 kNm B ;|‘ \ -~
lm ! 4 m , 160 mm
OZMC=0—>2(1)+RB(4)—12(2)=0 i ! i
— Rz =5.5kN,R; = 85kN | i ;
V(kN) i : :
VB_VC=_(3X4)_>VB=_12+65 A : : :
= —5.5kN ,6.5 | |
Mc=My=-2-Mc=-2£0=-2 6.5%2.16x | '
M, — M, = 7.04 > M, = 7.04 — 2 = 5.04 0.5=7.04 .0 X
IZI > 5.5x1.83x
. dM 2.16 ! 5=-5.04
At point 0: — =V =0 -2 .
dx ! |
| | 5.5
M (kNm) | : |
A | 1 1
. 5.04 .
Mc N (5.04 x 106 Nmm) (80 mm) ! . :
O=——== 1 : :
I 7 (80% — 70%) mm* | : |
= +30.28 MPa | | |
| B
2 kN
C v x
M+3x5+2(1+x)—8.5x=0
M=0-x=0.34mand x =4m
V
8.5 kN
—~— X

lm:
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80 kN/m 160 kN
Example 3: Draw the shear and -
bending-moment diagrams for
the beam and loading shown and YYYVYY VY vBy vC D
determine the maximum normal  W310 X 60 A Joy | E
stress due to bending. o ' e A
Hinge
The system is statically indeterminate and we need to consider i
equilibrium of parts AB and BE separately to determine reaction f<— 9 4 m l | — | — |
forces: | /A | 1.Om ;| 1.Om
I | |
0.6 m | ! !
AB:WZMB=0—>2.4RA—80><2.4><1.2=0.—>RA=96kN i el | |
| | :
80 kN/m I [ :lh() kN :
BE: =~ Z Mz =0 - 3.6R; + 0.6R; —80 X 0.6 X 0.3 — 160 x 2.1 | \} | ,
= = I ' '
0. - 3.6R; + 0.6R; = 350.4 kN | L gl BH c 1 WD |
A [T | '
AE:+TZFy=0—>RA+RC+RE=160+80><3=400kN / I :3\ { :
R Hinge V: | : '
S Re+Rp=304kN - Ry =56 kN,  Rp = 248 kN 4 9 ] Rc | Rk
Z4a1m
I I : I / 15 Ipl 1.5m|
Part AC: I . I |
M V4 (kN) A | ¢.6 m l :
e V =96 — 80x L | .
Al 104 |
, M = 96x — 40x? | :
Rl X' [96x1 2/2=576|: '
96 : adlf 104x1.5 !
I -
80 kN/m : =156 :
| |
R Tl L =) I
A Py ) . I -56x1.5
7 |
R Hinge ~ [Rc| X v | 56
4 4 > -144x1.8/2 | | |
24m—=yg =-129.6 | | !
Part CD: : :
|
V =96+ 248 — 80 x 3 = 104 | : I
I 1-144 ' '
M = 96x 4 248(x —3) — 80 x 3 x (x — 1.5) A Lo I :
= 104x — 384 M o } ,
80 kN/m 160 kN (kNm) I I :
57.6 : : |
|
ByiC YD | L I
A X ) I '
el - :
Ra Hinge ~ [Rc X V lo X
24 m } = . ' :
0.6m lom : I
Part DE: |
|77l
V=96+248—-80x3—160 =—-56 :72:
M = 96x + 248(x — 3) — 80 X 3 X (x — 1.5) L

—160(x — 4.5) = —56x + 336



TBR 1: Draw the shear and bending-
moment diagrams for the beam and
loading shown using Load-Shear-Moment
Relationship Method.

From Statics:

w, L
+T2Fy=0_)RA+RB= 2
2 ZM 0 Ryl — 2okl _
= - —_ _— =
A B 2 3
w,L w,L
R, =—— R, =
A 6 4 B 3
Load-Shear Relationship
Wl _woL w,L
Vg =V, = > 7 Vg = c >
. wl
3

At point A: e =0
dx

w
V=6—z(—3x2+L2)—>V=Oatx=L/\/§

Area under AO:
L/\/§W w. LZ
0 0
— (=3x% + LH)dx =
fo 6L ( ) 93
. wol?
Area under OB: o3

Shear-moment Relationship

MA




Singularity Function Method

(x —a)" = {(x—a)" when x> a

(108)

>0
0 when x<a n=
<x_a)0:{(x—a)° when x2a:{1 when x =>a
0 when x<a 0 when x<a
f(x—a)”dxzn_l_l(x—a)"“ for n=0
%(x—a)"zn(x—a)"‘1 for n>1
Wo
I YYYVYYYYY
| B w(x) = wolx — ) = {WO when x = a
; C 0 when x <a
_a
Wo
y Y V
| |B w(x) = wo{x — a)® — wy(x — b)°
o C
_a
b
l _ y-1_ (0 when x #a
|B (x—a) _{1 when x =a
—oito— i A\
w(x) = P(x —a)! = {0 when x # a
a P when x =a
(-1 is considered so that unit for w becomes N/m)
| a |
_ \—2_ (0 when x #a
(x—a) _{1 when x =a
O | ° —x
v - /\ W(x)=M(x—a)‘2={0 when x #a
! M, M when x =a

(-2 is considered so that unit for w becomes N/m)

j(x —a)ldx ={(x —a)"1  for n<0



Example 4: For the beam and P=192kN
loading shown and using IR T
singularity functions, express the wo = 1.5 kN/m
shear and bending moment as M, = 1.44 kN - m
functions of the distance x from the ,
support at A. C D
A o B
mZMB=0_>1.44+1.5><1.2><2.4 ' e
+12%x3-Ry(3.6)=0
—— 12 m =<
0.6 m 0.8Sm 1.0m

w(x) = =2.6(x —0)"1 + 1.2(x — 0.6)"1 + 1.5(x — 0.6)° — 1.5(x — 1.8)° + My(x — 2.6)~?

V(x) =— f wdx = 2.6(x — 0)° — 1.2(x — 0.6)° — 1;15(x - 0.6) + ?(x —1.8)t — My(x — 2.6)71
M(x) = f V(x)dx = 2—f(x - 0)! — %(x —0.6)! — %S(X —0.6)% + 1é—5(x —1.8)2 — My(x — 2.6)°

15 1.5
V(x =~ 0) = 26( —0)° — 1.2(e = 0.6)° — = (e — 0.6)' +——(c — 1.8)! = Mo(e ~2.6)1 =26 =0-0+0-0
=2.6kN =R,

2.6 1.2 1.5 1.5
M(x = 0) = T(s —0)! — T(s — 0.6)* —7(6 —0.6)? +7(£ —1.8)2 — My(e —2.6)°=2.6c6=0

Ve and Mg should be calculated in a similar way.
Finding shear and moment at point D for example:
1.5 1.5
Vp =V(x =1.8) =2.6(1.8 — 0)° — 1.2(1.8 — 0.6)° — T(1.8 - 0.6)t + T<1'8 —1.8)t — My(1.8 —2.6)71
=26—-12-15(1.8-0.6)+0—-0=—-04kN
2.6 1.2 1.5 1.5
Mp=M(x=18) = T(1.8 - 0)! — T(1.8 —0.6)! — 7(1.8 —0.6)% + 7(1.8 —1.8)2 — My(1.8 — 2.6)°
1.5
=2.6(1.8) —1.2(1.8 - 0.6) — 7(1.8 —-0.6)2+0—-0=216kN
- w Slope = k -
~—d— Wo a (
‘ \ <_a_.‘

w(x) = wo(x — a)° w(x) = k(x — a)! w(x) = k(x — a)*
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Example 5: For the beam and

loading shown and using 3kN/ m
singularity functions, express the

shear and bending moment as

functions of the distance x from the | (C

support at A.
AQ 1.5 kN.m B

3m 3m

<
<

A\ 4
A
v

From Statics: Ra= 2.75 kN

w(x) = =2.75(x — 0)"1 — 1.5(x —3)72 + 3(x — 3)° + 1(x — 3)!

V(x) = 2.75(x)% + 1.5(x — 3)~1 — %(x —3) — %(x —3)2

M(x) = ?(x)1 + 1.5(x — 3)° —%(x— 3)2 —%(x— 3)3

Example 6: For the beam and W
loading shown and using

singularity functions, express the
shear and bending moment as
functions of the distance x from the A B C
support at A. |
w w |
wx) = —>(x =0 —wo{x —a)’ = —(x —a)' | a | a
w, w, w,
V(x) = — > (x)? + == (x — a)! + ——(x — a)?
2a 1 2a
w w w
M(x) = ——(x)® + =>(x — a)2 + —(x — a)?
6a 2 6a

TBR 2: For the beam and loading
shown and using singularity
functions, express the shear and Wy
bending moment as functions of
the distance x from the support at

A.
W) = wofx =0 — ) 2k —a)t A B C
Ve = mwela) %mz - %(x -y ! a | a
M(x) = —%(x)2 +%(x)3 _%(x —a)?



