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CHAPTER 7: Transformation of Stress/Strain and Thin-walled Pressure Vessels

Chapter 7 is concerned with finding normal and shear stresses acting on inclined sections cut through
a member, because these stresses may be larger than those on a stress element aligned with the cross
section. Normal and shear stresses in beams, shafts, and bars can be calculated from the basic
formulas discussed in the preceding chapters. For instance, the stresses in a beam are given by the
flexure and shear formulas (o6 = My/I and T = VQ/It), and the stresses in a shaft are given by the
torsion formula (t = Tr/J). The stresses calculated from these formulas act on cross sections of the
members, but larger stresses may occur on inclined sections (4s we saw in Chapter 1 for uniaxial
loading). Therefore, we will begin our analysis of stresses and strains by discussing methods for
finding the normal and shear stresses acting on inclined sections cut through a member.

We have already derived expressions for the normal and shear stresses acting on inclined sections in
both uniaxial stress and pure shear. In the case of uniaxial stress, we found that the maximum shear
stresses occur on planes inclined at 45° to the axis, whereas the maximum normal stresses occur on
the cross sections. In the case of pure shear, we found that the maximum tensile and compressive
stresses occur on 45° planes. In an analogous manner, the stresses on inclined sections cut through a
beam may be larger than the stresses acting on a cross section. To calculate such stresses, we need to
determine the stresses acting on inclined planes under a more general stress state known as plane
stress. The objectives of Chapter 7 are therefore twofold: 1- finding the state of stress at a given point
of a structure under general loading and 2- finding maximal normal and shear stresses at that point.

Plane Stress

Our discussion of the transformation of stress will deal mainly with plane stress, i.e., with a situation
in which two of the faces of the cubic element are free of any stress
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Plane stress

An example of plane stress at point A of a rod under axial load and torque

TRANSFORMATION OF PLANE STRESS
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Using components along the x’ and y’ axes, we write the following equilibrium equations:

\n face Z E, =0 - g,,AA — 0,(AA cosO)cosO
Q I | ‘

v face — Tyy(AA cos6)sind
, ' — 0, (AA sinB)sinf
X
Ixy Gy = — T,y (AA sinB)cosf = 0
C)-.\‘ /@ }
By AA
AA cos® —— X face Z E,, = 0 = 7y,,,AA + 0,(AA cosB)sinf
¢ — T4, (AA cosB)cosB
xy
y AA sin® IJ'-\'(Z T-\,T) — 0, (AA sinB)cosf
+ Tyy (AA sinf)sing = 0
‘ , G,
X .
Oy = Oy c0s* 0 + g, sin® 6 + 21,,, sinf cosO
Teryr = —(0x — 0y)sind cosO + 7, (cos? 6 — sin’ )
Recalling the trigonometric relations:
. ] _ 1+ cos 26 _ 1 — cos 260
sin 260 = 2 sinf cosO, cos20 = cos?> 6O —sin? 6, cos?H = — sin? 6 = —
o,+0, 0,—0 .
o, =22 22U 4520 + T,, sin 20 (1) Stress transformation
2 2 Equations for plane stress
(0x—0y) .
Txryr = —%smze + T,y c0s 26 (2)
Replacing © with 6+90°:
o,+0, 0,—0

0y =— 5 y_ 2 > Y c0s20 — 1., sin 20 (3)

We also note that: o, + Oy = Oy + 0y,

This equation shows that the sum of the
normal stresses acting on perpendicular faces
of plane-stress elements (at a given point in a
stressed body) is constant and independent of
the angle 6. Remember that the angle 6 in

these equations is measured counterclockwise -0+
from the x face to the x’ face.
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Principal Stresses; Maximum Shearing Stress
o+ 0o\ Oy — Oy\2
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Circular relationship of transformed stresses

The two points A and B where the circle intersects the horizontal axis are of special interest: Point A
corresponds to the maximum value of the normal stress oy, while point B corresponds to its minimum
value. Besides, both points correspond to a zero value of the shearing stress tvy. Thus, the values 6, of
the parameter © which correspond to points A and B can be obtained by setting tx)y’ = 0:
Txryr = —Msin%’ + Tyy c0s260 =0 > tan260p = &
Ox — Oy
This equation defines two values 26p that are 180° apart, and thus two values Op that are 90° apart.
Either of these values can be used to determine the orientation of the corresponding element below:
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Alternatively we could determine ©p as follow: Tmin

_ax+ay Ox — Oy

> + > cos 260 + ty,, sin 20

=0- —(ax — ay) sin 26 + 21, cos 20 = 0
2Tyy Principal Stresses

a.
min

The planes containing the faces of the element obtained in this way are called the principal planes of
stress at point Q. We observe that principal stress can be calculated as follow:

ox + 0y Ox — Oy 2 ox + 0y Ox — Oy 2
Omax = > + (—2 ) + ngcy Omin = _2 — (_2 ) + T%y

Unless it is possible to tell by inspection which of the two principal planes is subjected to omax and
which is subjected to omin, it is necessary to substitute one of the values Op into the Stress
transformation Equations in order to determine which of the two corresponds to the maximum value
of the normal stress.

Referring again to the circle, we note that the points D and E located on the vertical diameter of the
circle correspond to the largest numerical value of the shearing stress 7,,,,. Since the abscissa of points
D and E is 04,5 = (0x + 0y)/2 the values Bs of the parameter © corresponding to these points are

obtained by setting a,, = (0 + 0,,)/2:

Ox + 0y, 0x—0y ] Ox + 0y Ox — 0y
O, = + c0s20 + 14, Sin20 = ——— > tan 20 = ———
* 2 2 xy 2 S 2T,
d
Alternatively we could determine Bs by setting % = 0. This equation defines two values 26s that are

180° apart, and thus two values Os that are 90° apart. Either of these values can be used to determine
the orientation of the element corresponding to the maximum shearing stress as below:

The maximum value of the shearing stress is
equal to the radius R of the circle:

Omax — Omin

2 '
a

Oy — O
(%

The normal stress corresponding to the '

a )

condition of maximum shearing stress is: s

2
) + 1%, =

Tmax =

o' = Oqvg = (ox + Uy)/z N ‘max
Note that: tan260p X tan26;, = —1 means & 7 .
that: 8p = 65 + 45°. We thus conclude that Q ]
the planes of maximum shearing stress are ERESK .

at 45° to the principal planes. This confirms o'

the results obtained earlier in the case of a

centric axial loading and in the case of g .
(0 Maximum Shearing Stresses

1

torsional loading.
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Example 1: At a point on the surface of a generator shaft 4 10 MPa
the stresses are as shown below. Determine the following B A
quantities: (a) the stresses acting on an element inclined \‘ B s— /
at an angle © = 45°, (b) the principal stresses, and (c) the
maximum shear stresses. P 50 MPa
0 h X
o, = —50 MPa, gy = +10 MPa, 1y, = —40 MPa
40 MPa
oy +o Oy — O. —
Oyr = YT Y os20 + Ty SN 26
2 2 l
-50+10 —50—10 _
Oy = > + > cos 2(45°) + (—40)sin 2(45°) = —60 MPa
ox+0, 0x—0y ] -50+10 -50-10 .
Oy = C0S 26 — Ty, Sin 20 = > — > cos 2(45°) — (—40)sin 2(45°) = 20 MPa
(0x —0y) | -50-10
Tryr = —Tsm29 + Tyy COS26 = —Tsm 2(45°) + (—40) cos2(45°) = 30 MPa
N
oy +o Oy — Oy 2 :
Omax,min = a 2 yi\/( ad 5 y) +T325y
20MPa 1 30 \ipy /\
—50+10  [/—50 —10\2 \ 4MPa
= + ( ) + (—40)%2 = +30 MPa,—70 MPa §=45°
0 N X
tan26, = —_ 240 2, ¢ e b
P oy—0, —(50)—(10) 3 ~ P77 /4\4 ,/\A
Ox + 0y 0y —0y ) v
Check:o0, = > 5 cos 260 + Ty, sin 26 .
~50+10 —50—10 _ 30 MPa
= 5 + 5 c0s 2(26.56°) + (—40) sin 2(26.56°) \
P 70 MPa %
= =70 MPa \ o
/\/ 6, =\ 26.6
gy +o 0y — O
Oy = xZ y _ x2 ycosze—‘[xysil’lze / o B X
-50+10 —50—10 _
= —— — —— c052(26.56°) — (—40) 5in 2(26.56°) \
=30 MPa Y /
2
Ox — 0y 2 —-50—-10
Tmax = \]( 2 ) -|- TJZCy = \/(T) + (—40)2 = 150 MPa 50 Mpa‘\zo MPa 0 S 71 60
tan 20 Oy — Oy —(-50-10) 3 g 18.4° 2@: ) St
= — = = —— - = — .
an s 275, 2(—40) 5 s / ! \
heck: _ (Jx - O'y) . 0 X
Check:7,:, = —TSULZQ + Tyy cOs26 ~

~50 — 10 =
= —Tsin 2(—18.4°) + (—40) cos2(—18.4°) = —50 MPa -
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Example 2: Use Mohr’s circle to solve Example 1.

(1) Find center of Mohr’s circle (04,5 = @, 0), for this example (—20,0)

(2) Find points (6, , —7,,) and (o, , +7,,). These two pints are located on the circle.
(3) Plot the circle using these three points

Txy (MPa)
A

Txryr = 508in 36.8°
=30

30 Ox Oy (MPa)

T
2T,y max
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‘*'** =20 m
Example 3: A sign of dimensions 2.0 m x 1.2 m is supported — ﬂ
by a hollow circular pole having outer diameter 220 mm and
inner diameter 180 mm as shown. The sign is offset 0.5 m
from the centerline of the pole and its lower edge is 6.0 m

above the ground. Determine the principal stresses and
maximum shear stresses at points A and B at the base of the
pole due to a wind pressure of 2.0 kPa against the sign.

The wind pressure against the sign produces a resultant force W that acts
at the midpoint of the sign and is equal to the pressure P times the area A =
over which it acts: W = PA = 2000 Pa x (2 x 1.2 m?) = 4800 N. The
line of action of this force is at height h = 6.6 m above the ground and at - « >
distance b = 1.5 m from the centerline of the pole. The wind force acting ; g 220 mm
on the sign is statically equivalent to a lateral force W and a torque T A . 2
acting on the pole. The torque is equal to the force W times the distance b:

T=Wb=4800N X (1.5m) = 7200 Nm. The stress resultants at the

base of the pole consist of a bending moment M, a torque T, and a shear b — 15 m

force V. Their magnitudes are: M =Wh=4800N X 6.6 m =
31680 Nm, T =7200 Nm, V=W = 4800 N.

XAT

Mc, (31680000 Nmm)(@ mm)
I 7 (110% — 90%)

0y = = 54.91 MPa

Tr, (7200000 Nmm) (23—0 mm)

T4(torsion) = — = 6.24 MPa
4 J 2 (1104 — 90%) /

-
7,(shear) =0 ‘T\LIA
h=6.6m T=72KkN-m
Tr, (7200000 Nmm)(252 mm) 1=6.6
og = 0,75(torsion) = = -
J 2 (110% - 904)

= 6.24 MPa U

vo (4800 M)AXI0 Tyqp2 ~ X 90, Top2y _dlm
tg(shear) = — = Z 3 po [

ft 7 (110% — 90%) x (220 — 180)

= 0.76 MPa

Tg = 6.24 MPa + 0.76 MPa = 7 MPa



(162)

X

A 0.,=0,=54.91MPa

X
Tyz =Typ = —6.24 MPa B Ty = 7 MPa
7. y
< l 0 O
B —

Principal stresses and maximum shearing stress at A:

o, +0 Oy — O\ 2 5491+ 0 54.91 — 0\?
012 = "2 Zij("z Z) +12, = > J_rj( > ) + (—6.24)% = 55.7 MPa,—0.7 MPa

Ox = Oy 54.91 — 0\*
Trnax = J( . 5 y) + 12, = J(T> + (—6.24)? = 28.2 MPa

Principal stresses and maximum shearing stress at B:

oy t+o Oy — O\ 2 0+0 0—0\2
012 =~ yij(xz ) 41k =——t (—2 ) +7 =7 MPa,~7 MPa

O, — Oy 2 0 — 0\?
Tmaxz\](%) +T32¢y=\/<T) +(7)2=7MPa

Keep in mind that only the effects of the wind pressure are considered in this analysis. Other
loads such as the weight of the structure that also produce stresses at the base of the pole have
been neglected.



TBR 1: Determine maximal tensile, compressive,

and shear stresses at points A and B

A =%d2 A = 314.159 mm?

I=Z4* [=7854% 10° mm*
64

1,=2I 1, = 1.571 x 10* mm*
g

Q =37 Q= 666.667 mm’

STRESS RESULTANTS AT THE SUPPORT
Ve=P (Axial force in X-dir.)
V,=0 (Shear force in Y-dir.)
V.,=P (Shear force in Z-dir.)
M, = Pb, (Torsional Moment)
M, = 120 kN - mm

M, = P(b, + b3)
M, = 120 kN - mm
M. = Pb,(Bending Moment)
M, = 120kN - mm

(a) STRESSES AT POINT A

-

R e T

(Bending Moment)

R

v, M,
= e inle——
BT A 7

o, = —155.972 MPa (compressive)

o, =0

e

T

Oy — Oy Oy — Oy :
=" Ty\"2 ) °
oy + oy oy — oy\2 o
n=—g—-\{75) +%
oo\
Tmax — ‘2— +T§‘

Ty = 716.394 MPa

&k
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P=10kN

MAX. TENSILE STRESS
MAX. COMPRESSIVE STRESS

oy = —187.2 MPa «—

MAX. SHEAR STRESS

(b) STRESSES AT POINT B

0,
b2
|
o, = 149.606 MPa (tensile)
U_\‘ i
Md VO
Txy 2fp 78 76.39 - 4.24 =72.15 MPa

MAX. TENSILE STRESS

o =178.7MPa
MAX. COMPRESSIVE STRESS
0'2 = —29.1 MPa .

MAX. SHEAR STRESS

Tmax — 103.9 MPa

o = 31.2MPa —

Tmax = 109.2 MPa -~

R
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TBR 2: If P = 60 kN, determine the maximum normal stress
developed on the cross section of the column.

Equivalent Force System: Referring to Fig. a,

+13F, = (Fg)s —60-120= —F F = 180 kN
IM, = (Mg)y: —60(0.075) = —-M, M, = 45kN-m
SM, = (Mp); —120(0.25) = —M, M. = 30kN-m

Section Properties: The cross-sectional area and the moment of inertia about the y
and 7 axes of the cross section are

A = 02(0.3) — 0.185(0.27) = 0.01005 m?

1 V1 -
I, = 35 02)(03) — 15(0.185)(027°) = 0.14655(10~°) m*
1 1 .

I, = 2[6(0'015)(0'23)] + 75 (027)(0.01 5°) = 20.0759(10"°)m*

Normal Stress: The normal stress is the combination of axial and bending stress.
Here, F is negative since it is a compressive force. Also, M and M, are negative
since they are directed towards the negative sense of their respective axes. By
inspection, point A is subjected to a maximum normal stress. Thus,

N My Mg

o= +
A I I,
-180(10°)  [-30(10%)|(-0.15) [-4.5(10%)](0.1)
Omax = 04 = - = -+
0.01005 0.14655(1073) 20.0759(10°°)

—71.0 MPa = 71.0 MPa(C)
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A S mm

TBR 3: The drill is jammed in v _
the wall and is subjected to the ‘ “"B

; 400 mm
|

torque and force shown.
Determine the principal
stresses at points A and B on
the cross section of drill bit at
section a-a (1390).

Sectiona —a

X

From Statics (see free body diagram):

N =120N V, = 90N
T=20N'm M,=2IN'm

A = 7(0.005%) = 257(107%) m?

T

=7
J = %(().(H)S‘) = 0.31257(10°) m*
Q4=0

_ 4(0.005
Op=yA = ( ) [3(0.0()52)] = 83.33 onN-m
: 3w 2 , :
POINT A: ' |
2 —12 21(0.005
gl My I SO g = S FPLG)
A I, 257(107%)  0.156257(107°)

(0.005%) = 0.156257(107%) m*

+ 150N
V,04 Tc 20(0.003)
. — u —. [J (TI—) == 1“2 Mpll
[(T"*)"L It (el = 031257(10°°)
POINT B:
N My -120 .
o=—— = — 0 = —1.528 MPa = 1.53 MPa(C)

—6
4 I 2577( = ) From formula or Mohr’s circle:
9”[83_333( m_g)} Ominmax)a = —255.91 and 40.49 MPa
— 1.528 MPa Ominmax)g = —101.1 and 99.5 MPa
|7 max)a| = 148.2 MPa

| maxys| = 100.3 MPa

(], - 2222 -
-7 PR ©0.156257(107)(0.01)

Tc 20(0.005)

S| =—S= = 101.86 MP:
{(T")TL 7 031257(107°) ’

(72y)8 = {(;,_,,)TL s [(T”)VL = 101.86 — 1.528 = 100.33 MPa = 100 MPa
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TBR 4: Find principal stresses and maximal e y
shear stress at points A and B of the a-a . B
section (1391). ") 222N
y 2.5 clm
X Section a-a o
a 60
/

NG A
25 cm 30 cm
/

> My =0 My — (222 cos60°) x 250 mm = 27750 N
> By =01, =222 sin60° = 19225 N

) M, =0 M, + (222 5in60°) x 250 mm = ~48064.4 N
ZFZ =0V, =222 cos60° =111 N

Iy = I, = 7 (25* — 19%) = 204442.3 mm*

Z M, =0-T+ (222 sin 60°) x 300 mm = —57677.3 Nmm
] = 21 = 408884.6 mm*

Stress at point A:
M, (19 mm) (48064.4 Nmm)(19 mm)
= = = 4.46 MP
x L 2044423 mm* adira
Try, (57677.3 Nmm)(19 mm)
=S = 2.68 MP
Tz =7 408884.6 mm* &
Txy)Vy =0
4x25m 4x19m
Yy = V,Q4 3 (111 N)(—_3TL' 2252 ~ 37 7192)
Txz)vz =T = T (2044423 mm®)((25 — 19) X 2)
= 0.26 MPa

T.,)A = 2.68 — 0.26 = 2.42 MPa

oy + 0 Oy — O,0\2
Stress at point B: 012)A = z > Z4+ ’( x > z) + 12, = 5.53,—1.05 MPa
0'1 — O
2

M, (19 mm 27750 Nm 25mm
= )¢ m25MM) _ 5 4 MPa

=T~ 3067859 mm®* Trma)A = [P = 329 MPa

Trg (57677.3 Nmm)(25mm)

Ty=T] =T s0sssaemmt o7 MEG
T =0 o to Oy — Oy 2
xz)Vz 01'2)3: x2 yi (x2 y) +T,25y
4x25m 4x19T
V04 (19225 N)(—57—725" - 375199 = 5.23,-1.84 MPa
T )V = =
vy =t (204442.3 mm*)((25 — 19) X 2) o
=048 MPa Trax) B= |1_2_3| = 353MPa

Tyy)A =352-048=31 MPa
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TBR 5: Find principal stresses and maximal shear stress for the element shown (1393).

maoo
noo
noo
a
Mmoo

Z E, =0 - o0,(AAsina) — noy(AA) — mogcosa (AAcosa) = 0 - o, sina = (n + mcos? a)o,

(n + mcos? a)o,
O, =

sina
Z E, =0 - 74, (AAsina) — mo, sina (AAcosa) =0

= Tyy = M0)COS QA

noo

Mmoo

- 0, = Mo, sina
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Stresses at the Outer Surface of Thin-walled Pressure Vessels

Thin-walled pressure vessels (with r/t = 10) provide an important application of the analysis of plane
stress. Pressure vessels are closed structures containing liquids or gases under pressure. Familiar
examples include tanks, pipes, and pressurized cabins in aircraft and space vehicles. When pressure
vessels have walls that are thin in comparison to their overall dimensions, they are included within a
more general category known as shell structures. Other examples of shell structures are roof domes,
airplane wings, and submarine hulls. In this section we consider thin-walled pressure vessels of
cylindrical shape that are found in industrial settings (compressed air tanks and rocket motors), in
homes (fire extinguishers and spray cans), and in the countryside (propane tanks and grain silos).
Pressurized pipes, such as water-supply pipes and penstocks, are also classified as cylindrical
pressure vessels.

Examples of Spherical and Cylindrical Pressure Vessels

Consider a cylindrical vessel of inner radius r

and wall thickness t containing a fluid under y
pressure. We aim to determine the stresses
exerted on a small element of wall with sides
respectively parallel and perpendicular to the
axis of the cylinder. Because of the
axisymmetry of the vessel and its contents, it is
clear that no shearing stress is exerted on the
element. The normal stresses o1 and o2, which
are almost constant throughout the
thickness (varies by less than 5% from the
inside of the vessel wall to the outside),
shown in the Figure are therefore principal
stresses. The stress o1 is known as the hoop or
circumferential stress and the stress o2 is
called the longitudinal stress.
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In order to determine the hoop stress o1, we detach a

portion of the vessel and its contents bounded by the xy Y
plane and by two planes parallel to the yz plane at a

distance Ax from each other. The forces parallel to the z R
axis acting on the free body defined in this fashion ~,
consist of the elementary internal forces o1 dA on the o dA |
wall sections, and of the elementary pressure forces p dA L=
exerted on the portion of fluid included in the free body.

1

|
Note that p denotes the gage pressure of the fluid, i.e,, ' [ r
the excess of the inside pressure over the outside / |
atmospheric pressure. The resultant of the internal -~ p dA | / - x
forces o1 dA is equal to the product of o1 and of the >
cross-sectional area 2t Ax of the wall, while the resultant
of the pressure forces p dA is equal to the product of p

and of the area 2r Ax. Writing the equilibrium equation
>F;=0, we have:

2

r
p 2rAx) —o; 2t Ax) =0 - 0y =pT=09

To determine the longitudinal stress o2, we now pass a
section perpendicular to the x axis and consider the free
body consisting of the portion of the vessel and its
contents located to the left of the section. The forces
acting on this free body are the elementary internal
forces o2 dA on the wall section and the elementary
pressure forces p dA exerted on the portion of fluid
included in the free body. Noting that the area of the
fluid section is nr? and that the area of the wall section ~
can be obtained by multiplying the circumference 2nr of
the cylinder by its wall thickness t, we write the
equilibrium equation ZFx = 0:

r
o, Qrrt) —p(ar?) =0- o0, = Z—t =0,

The maximum in-plane shearing stress is equal to:

pr _pr

_0'1—0'2_t_2t_p7‘
fmax =TT T a

This stress is exerted on an element obtained by rotating the original element through 45° within the
plane tangent to the surface of the vessel. Note that to fill a pressure vessel with gas or liquid, or take
the gas or liquid out, there must be a hole in the pressure-vessel wall and some sort of “connector”.
The stress formulas developed above do not apply to stresses in the immediate vicinity of such
discontinuities in the pressure-vessel wall (due to the stress concentration not considered here).



(170)

We now consider a spherical vessel of inner radius r
and wall thickness ¢, containing a fluid under a gage
pressure p. For reasons of symmetry, the stresses
exerted on the four faces of a small element of wall
must be equal, i.e., 6; = 0,. To determine the value
of the stress, we pass a section through the center C
of the vessel and consider the free body consisting
of the portion of the vessel and its contents located
to the left of the section as shown. The equation of
equilibrium for this free body is then considered:
o, 2art) —p(mr?) =0- o0, = % =0

Since the principal stresses o; and o, are equal we
conclude that the in-plane normal stress is constant
and that the in-plane maximum shearing stress is
Zero.

Limitations of thin-shell theory:

1. The wall thickness must be small in comparison
to the other dimensions (the ratio r/t should be 10
or more).

2. The internal pressure must exceed the external
pressure (to avoid inward buckling).

3. The analysis presented in this section is based
only on the effects of internal pressure (the effects
of external loads, reactions, the weight of the
contents, and the weight of the structure are not
considered).

4. The formulas derived in this section are valid
throughout the wall of the vessel except near points
of stress concentrations.

5. The plane-stress state is only valid at the outer
surface of the vessel while at the inner surface in
addition to above stresses we also have o; = —p.
Therefore the state of stress is three dimensional at
the inner surface. This compressive stress varies
from p at the inner surface to zero at the outer
surface. As the magnitude of this stress is very small
(its maximal value is p at the inner surface)
compared to other stresses (hoop and longitudinal
which are pr/t or pr/2t) we neglect o3 in our
analysis and apply the foregoing equations for both
inner and out surfaces of vessels.

* Plot Mohr’s Circle for both cylindrical and
spherical vessels

Thin-walled spherical pressure vessel used
for storage of propane in this oil refinery

Pressurized spherical vessel

oy dA

r W
- |

-
&L

p dA
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Example 4: The gas storage tank is fabricated by bolting

together two half cylindrical thin shells and two
hemispherical shells as shown. If the tank is designed to

withstand a pressure of 3 MPa, determine the required
minimum thickness of the cylindrical and hemispherical -

shells and the minimum required number of bolts for
each hemispherical cap. The tank and the 25 mm
diameter bolts are made from material having an
allowable normal stress of 150 MPa and 250 MPaj,
respectively. The tank has an inner diameter of 4 m.

For the cylindrical portion of the tank, the hoop stress is
twice as large as the longitudinal stress:
pr 3 MPa x 2000 mm

Oallow = T — 150 MPa = L - tc=40mm

For the hemispherical portion:

pr 3 MPa x 2000 mm
Callow = ot — 150 MPa = 2ts - tg = 20 mm

Pb)allow —

The allowable tensile force for each bolt is:
Pp) aliow Qe—

A
P = 250 MPa X — (25 mm)? = 122718.46 N
b)allow 4( ) Pb)allow<_

Consider the free-body diagram of the hemispherical cap:
pA ﬁ

3 MPa x w (2000 mm)? —n x 12271846 N =0
Pb)allow{—

—->n =307.2 >n =308 bolts
Pb)allow{—

Pb)allow<_
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Example 5: A pressurized steel tank is constructed
with a helical weld that makes an angle a = 55° with
the longitudinal axis (see figure). The tank has radius r
= 0.6 m, wall thickness t = 18 mm, and internal
pressure p = 2.8 MPa. Also, the steel has modulus of
elasticity £ = 200 GPa and Poisson’s ratio v = 0.30.
Determine the following quantities for the cylindrical
part of the tank. (a) The circumferential and
longitudinal stresses. (b) The maximum in-plane shear
stresses. (c¢) The normal and shear stresses acting on
planes parallel and perpendicular to the weld.

Hoop Stress:

pr (2.8 MPa)(600 mm)

Op =~ 18 mm = 93.33 MPa
Longitudinal Stress:
T 2.8 MPa)(600 mm
O'LZ%:( ZXI)EEmm )=46.7MPa
Maximum In-Plane Shear Stress:
o 0g — 0L _ 93.33 — 46.7 _ 233 MPa

2 2

Stress on Weld:
@ = 90° — 55° = 35°
gy = 46.7 MPa,o, = 93.3 MPa, Ty, =0

_0x+ay Oy — Oy

/ a

46.7 +93.3 4 46.7 —93.3

Helical weld
\

93.3 MPa

T

46.7 MPa 46.7 MPa
«— ——»
93.3 MPa

62 MPa
78 MPa
'>[ 21.9 MPa
78 MPa
62 MPa

cos70° = 62 MPa

Oxr = cos 260 + 1Ty, sin 20 =

46.7+93.3 46.7—-93.3

2

cos70° =78 MPa

2 2
oy t+o Oy — O
oy = x2 Y _ x2 ycosZH—Txysinzez
Oy — O
Teryr = —wsinze + T,y c0s20 = 21.9 MPa

2

Check that: o, + Oy =0y + 0y,
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TBR 6: For the system shown find the F
maximum pressure P and axial compressive 7
force F that can be applied if the allowable
stress is 90 MPa.

240 mm—‘

| —alle— =3 mm

ol =180 mm
Part@. P>O !
Pr { (:) \
O =T = fessssaa )
M
P ogt 90 MPa X 3mm L5 MP E ‘
- = —= = 1. N
max 180 mm @ o ;

Pr
=—— = 490 MPa

o = —_—
L™ 92¢ 2mrt

1.5 MPa x 180 mm
) = 2nrt (

+
2X3mm _90MPa>

Pr
= Fhax = 211t (E + 90 MPa

= 458 kN, —152.7 kN

o, =— = +90 MPa — E,,,, = 305.4 kN, —305,4 kN

2nrt

Conclusion: B4, = 1.5 MPa and FE,4 = 305.4 kN

F

OL OL



Example 6: For the system shown,
determine principal stresses at points A1
and Az (internal pressure p of the cylinder
is equal to 0.8 MPa and its radius to mid-
thickness is equal to 60 mm).

Hoop and Longitudinal stresses due to p:

_ E _ (0.8 MPa)(60 mm)

= = 9.6 MP
9 t 5mm ¢
_pPr (0.8MPa)(60 mm) 4.8 MP
T 2 X5mm T ¢
Shear stress due to torsion: A
_Tr T (1.8 x10°N x 800 mm) _ 127 MP <
TT_] oAt 2xm60?mmZx5mm ¢
Normal stress due to bending at A1: < < 1 A1 9.6
z
Mc 1.8 X 103N x 500 mm)(60 mm I
oy = ez _{ ~ ) ) _ 159 MPa
I 7 (62.5% — 57.5%) mm* ——
12.7
Shear stress due to shear loading at A1: d
VQ
TV —_ —

Resultant stresses:

oy =0, +0, =48+ 159 = 20.7 MPa, o0, = 09 = 9.6 MPa,t,, = 17 = —12.7 MPa

oy + 0, 0y — 0%, 207496 20.7 — 9.6\2 ,
01, =~ + |( . ) 1k = - i( - )+(—12.7) = 29.03 MPa, 1.27 MPa

MCAZ
1

=0

Normal stress due to bending at A2: 03, =

Shear stress due to shear loading at Az:

4r, mr?  4r, mr?
3 pTry 4T TIry 3
_VQ_(1.8><10 N)(3n > T )mm

Ty = — =
Yor 2 (62.5* — 57.54) mm* x 10 mm

=191 MPa

Resultant stresses: o, = 0, + 0, = 4.8 + 0 = 4.8 MPa, 0, = 09 = 9.6 MPa

o, + 0, Oy — 0,2
Ty = 12.7 —1.9 =10.8 MPa —» 04, = + + 12, = 18.3 MPa,—3.9 MPa
y ’ 2

2
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Transformation of Plane Strain

The strains at a point in a loaded structure vary according to the orientation of the axes, in a manner
similar to that for stresses. In this section we will derive the transformation equations that relate the
strains in inclined directions to the strains in the reference directions. These transformation equations
are widely used in laboratory and field investigations involving measurements of strains.

Plane Strain versus Plane Stress

Let us begin by explaining what is meant by plane strain and how it relates to plane stress. Consider a
small element of material having sides of lengths a, b, and c in the x, y, and z directions, respectively. If
the only deformations are those in the xy plane, then three strain components may exist; the normal
strain &x in the x direction, the normal strain &y in the y direction, and the shear strain yx. An element
of material subjected to these strains (and only these strains) is said to be in a state of plane strain. It
follows that an element in plane strain has no normal strain &z in the z direction and no shear strains
Yxz and yyz in the xz and yz planes, respectively. Thus, plane strain is defined by the following
conditions: €z = 0, yxz =0 and yyz =0. The remaining strains (&x, &y, and yx) may have nonzero values.

«— (| ——> \
C v \
v/ R |
| - bey ! -
i : "J /F
| : Yy J
0)———- F———— I b i /
7 X | I !
h // : /‘r l’
v i I I
0 - : - (0] -
X 0 X X
- «— (1 —| —
L ”E,\'
From the .precedmg definition, we see that Plane stress Plane strain
plane strain occurs when the front and rear
faces of an element of material are fully y y
restrained against displacement in the z T"F T R
direction as shown below (another example of — , s
. . . H xy oy ] H '
plane strain is a long bar subjected to - | I__, - — /Y —t—> €,
uniformly distributed transverse loads). oI fof 1L
L X g X
Yy
| P o
Fixed support o.=0 =0 7,=0 7.=0 7.=0
Stresses
A . oy, 0y, and 7y, may have Ty, Oy, 07, and 7y, may have
4 nonzero values nonzero values
‘ Yz =0 Yz =0 e=0 V=0 Yyz =0
/‘ Stee €, €, €., and ¥,, may have €,, €, and ¥, may have
- \ ,/ ‘\ nonzero values nonzero values
& - | 4
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Transformation Equations for Plane Strain

Let us assume that a state of plane strain exists
at point Q (with &z = yzx = yz = 0), and that it is
defined by the strain components €y, €, and yxy As|Qe
associated with the x and y axes. As we know, As
this means that a square element of center Q,
with sides of length As respectively parallel to
the x and y axes, is deformed into a
parallelogram with sides of length respectively
equal to As (1 + &) and As (1 + g), forming
angles of n/2 - yxyyand /2 + yx with each other. ¥ y N B’

We first derive an expression for the normal B > '-7:3!/ (1 +e,)
strain €(0) along a line AB forming an arbitrary \\‘ Ay s 2 o '

angle © with the x axis. To do so, we consider “ A& C S Ax(lYeE) \7

O X O X

the right triangle ABC and the oblique triangle
A’'B’C into which triangle ABC is deformed. 0 e X

(A'B")2 = (A'C")2 + (B'C")? — 2(A'C")(B'C") cos (g + Yay)
T

@s)2(1+£(0))” = (A2 (1 + £ + (W)*(1+8,)" =201 +£)BY)(1+ &) cos (5 +7xy)

Ax = As cos@ Ay = Assinf cos (g + yxy) = —sinyyy = —Vxy, By neglecting 2nd order terms:

1
€(0) = g, cos? 0 + €, sin® O + y,y, sinBcosf  €(45°) = E(sx + &)+ Vay) 2 Vay = 26(45°) — (e, + &)

& t+ ¢ & — &
Eyr = a > Y= > Y cos 26 +)/;—ysin29
Exte & —& Yxy . _')/)
&y, = — cos 260 ——=sin 20 2
v 2 2 2
&, T € E, — &
80 +459) = S - ysin26+yx7yc0529 D

N

Yaryr = 2€(0 + 45°) — (ex + sy,)

X 2 Ymax (in pl
— 2 g plane)
yr & &
szy =-= 2 Y sin 20 +—y;yc0529 l
@, B A €
_£x+€y R = gx—gyz ny2
favg =TT ( 2 )+(2)
€ .
tan260p = yx—y, Emaxmin = €avg + R min

g =
X y —)| E
€ ave

Ymax = 2R = \/(‘Sx - gy)z + ()/XJ/)Z
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Measurements of Strain; Strain Rosette

The normal strain can be determined in any given direction on the
surface of a structural element or machine component by scribing
two gage marks A and B across a line drawn in the desired
direction and measuring the length of the segment AB before and
after the load has been applied. If L is the undeformed length of AB
and § its deformation, the normal strain along AB is €a = 6/L. A
more convenient and more accurate method for the measurement
of normal strains is provided by electrical strain gages. A typical
electrical strain gage consists of a length of thin wire arranged as
shown and cemented to two pieces of paper. In order to measure
the strain e4p of a given material in the direction AB, the gage is
cemented to the surface of the material, with the wire folds
running parallel to AB. As the material elongates, the wire
increases in length and decreases in diameter, causing the
electrical resistance of the gage to increase. By measuring the
current passing through a properly calibrated gage, the strain €45
can be determined accurately and continuously as the load is
increased. The strain components exand €y can be determined at a
given point of the free surface of a material by simply measuring
the normal strain along x and y axes drawn through that point. We
note that a third measurement of normal strain, made along the
bisector OB of the angle formed by the x and y axes, enables us to
determine the shearing strain yx as well y,, = 2e(45°) —
(ex + ey). It should be noted that the strain components &, €y, and
Yx at a given point could be obtained from normal strain
measurements made along any three lines drawn through that
point. Denoting respectively by 61, ©2, and 63 the angle each of the
three lines forms with the x axis, by €1, €, and &3 the
corresponding strain measurements we write the three equations:

€1 = &, €0s* 0, + €, sIn” 01 + ¥y, sin 6; cos O;
&, = &, €0S? 0, + &, Sin® B, + ¥y, sin 6, cos 6,

€3 = £, €0S* O3 + &, sin? O3 + y,,, sin O cos O;

B

A
Electrical strain gage.
Yy
B
€y ‘ ‘ /

45° /f()B

> 45
O X

o 0, x

Strain rosette.

which can be solved simultaneously for ¢, £, and y,,. The arrangement of strain gages used to

measure the three normal strains ¢, &;, and &5 is known as a strain rosette. Also stresses oy, 0,, and

Txy €an be determined through Hook’s law.
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Example 7: A single strain gage forming an angle = 18°
with a horizontal plane is used to determine the gage
pressure in the cylindrical steel tank shown. The
cylindrical wall of the tank is 6-mm thick, has a 600-mm
inside diameter, and is made of a steel with E = 200 GPa
and v = 0.30. Determine the pressure in the tank indicated
by a strain gage reading of 280p.

pr pr
=Ty = =0
0 0y, 0, pr vpr
-y Yy = = X
Ex £ VE VE F T 2(E 2125 x107*p
syzﬂ—vax vE=L _" _50x105p
E E E ~ 2tE tE

€150 = &€ €05 (18°) + ¢, sin®(18°) + ¥y, sin(18°) cos(18°) =
280 x 107°

Ty
G

— &, cos?(18°) + ¢, sin*(18°) = 280 x 107°

Yy = 0 as Yxy =

- 2.125x 107 p cos?(18°) + 5.0 X 107° p sin?(18°)
=280 x 107°

- p =142 MPa

Vaxy £y = Eqpg + RCOS2f
A 2

7//

Eavg =
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Example 8: A cantilever beam of rectangular

cross section (width b = 25 mm, height h = 100 B yl

mm) is loaded by a force P that acts at the mid- ﬁ k}

height of the beam and is inclined at an angle a 9

to the vertical (see figure). Two strain gages are T >&P —| B
placed at point C, which also is at the mid-height y “«

of the beam. Gage A measures the strain in the
horizontal direction and gage B measures the
strain at an angle 8 = 60° to the horizontal. The
measured strains are €z = 125 x 10-¢ and & = -
375 x 10-6. Determine the force P and the angle
a, assuming the material is steel with E = 200
GPaandv=1/3.

At point C:
Axial Force: F = Psina
Shear Force: V = Pcos«a

At the neutral axis no bending stress is produced.

_F Psina VQ 3V 3Pcosa

= = :O'  — T e —
TEYT T YTV T 24 2bh

o, Psina
&y =—=

E  bhE

=125x107% > Psina = 62500 N (1)

g.
&y = —vfx = —41.67 X 107°

E
Ty 3Pcosa  “za+v) -
Yoy ==~ Yey = —8 X 107° Pcosa

For 6 = 60°:

1 = £ €05%(60°) + &, sin*(60°) + Yy, sin(60°) cos(60°) = &, = —375 x 107°

— 125 x 107% cos?(60°) — 41.67 x 107°sin?(60°) — 8 X 10~° P cos a sin(60°) cos(60°) = —375 x 107
Pcosa =108206 N (2)

- (1) and (2): a = 30°,P = 125 kN
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TBR 7: The A-36 steel post (v=0.32,G =11X
103l,ln—b2 = 11 ksi, E = 29 ksi) is subjected to the
forces shown. If the strain gauges a and b at point

A give readings of ea =300 x 10-¢ and e» = 175 x 10-
6 determine the magnitudes of P1 and Po. u* ﬁ -
’d S
Y

(8]

ft -

ZM=0—>M=2P2

Normal Stress at A:

N Mc P, (2x12P)(1)
1
A 1 4% 2 ﬁz x (4)3

VQu Py x(15x1X2)

It 1 3
122><(4) X 2

Shear Stress at A: t4 =

=0.14 P,

g, = €,c05% 0, + &y sin® @, + Yy sinf, cos 8,

— 300 X 107° = &, cos? 90° + ¢, sin? 90° + y,, sin 90° cos 90°
- &, =300x107° (1)

& = &, cos® 0, + &y sin® @, + Yy sin 6 cos 6,

- 175X 107° = &, cos? 45° + ¢, sin® 45° + y,,, sin 45° cos 45°

= &+ ¥xy =50x 1076 (2)

Oy Oy 0z 0x=0,=0 Oy
a=F VR TVE &=V
oy Oy o,

o
A B f_)gy =Ey=ex/—v—>from (1):e, =-96x107°

Tuy = G, = 0.14 P, = (11 X 103)(146 x 10™%) - P, = 11.42 kip

—0.125P; + 2.25P,
29 x 103

g.
gy =5 —>300x107 = - Py =136 kip

Section ¢— ¢

- from (2): yxy, = 146 x 107°
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TBR 8: Strain in the element M
(middle of AB on the outter
surface) is equal to 80p and -80p
in x and y  directions,
respectively (x’ and y’ are at 45
degrees with respect to x and y).
Determine magnitude of W.
Based on the calculated W, find
the magnitude and location of
the maximal normal stress in the
cylinder (E = 210 GPa, G = 85
GPa) (1392).

As element M is located on the neutral axis of the section, no normal stress occurs in the
element. So we have: &, = ¢, = 0.

€y = € C0S? 45° + &, sin® 45° + ¥y, sin 45° cos 45° = 80 x 107% - y,,, = 160 x 107°

Or

!

gy = & €0s% 135° + &, sin® 135° 4 y,, sin 135° cos 135° = —80 X 107° = y,,, = 160 X 107°
Tay = G¥yy = 85 GPa X 160 x 1076 — 7,,, = 13.6 MPa

vQ Tr 4V Tr 4 400w 400w x 200 x 100

+—= +—=—= +
It '] 34 ] 37(100)2 T (100"
= 13.6 MPa

for element M: t,,, =

w =400.5N/mm

Maximal normal stress occurs at point N where the bending moment is maximum:

_ MC (400 mm x 400.5 N/mm x 500 mm) x 100 mm

o = 102 MPa
o 7 (100)* mm"4
Ve Tr Tr 400 mm X 400.5 N/mm X 200 mm X 100 mm
Tyy=—F7+—7—=0+—= T = 20.4 MPa
It ] J ~ (100)* mm"4

o, +o O, — Oyn2 102+ 0 102 — 0\?
Omax,min = x2 yi\]( x2 y) +T§y= 2 i\]( 5 ) + 20.42

Omax = 105.9 MPa
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CHAPTER 8: Combined Loadings

60°
Example 1: A cantilever beam of T-section is loaded by an o L/
inclined force of magnitude 6.5 KN (see figure). The line of N Y —6.5kN
. o o . A -

action of the force is inclined at an angle of 60° to the horizontal B 25m

- >
and intersects the top of the beam at the end cross section. The
beam is 2.5 m long and the cross section has the dimensions y
shown. Determine the principal stresses and the maximum 80 | 80
shear stress at points A and B in the web of the beam near the |<mm|
support. __25mm
P=6.5kN L.=235m A = 2(160 mm)(25 mm) < C 160
A =8 X 10° mm? b = 160 mm t =25 mm mm

25 mm

Location of centroid C From Eq. (12-7b) in Chapter 12:

25
S(yiA) (160 mm) (25 mm)(160+ T) mm + (160 mm) (25 mm) (80 mm)
=y A -
C" = h =

N A - A

¢z = 126.25 mm ¢y = 185mm — ¢ ¢y = 58.75 mm

2

1 1 25
I = 75 25(160)° + 25 x 160 x (126.25 — 80)* + = 160(25)° + 160 X 25 (160 + - 126.25) = 2.585 x 10"mm

12 2
\ 6.5 kN
N c !'_c_l ______________ 6 QO 1 Stress at point B (top of web)
1 No M(cp — 1)
| C2 go=—2——— 7 4 =17715MPa  0,=0
A ¥
M Q0= b.f(C] & %) Q = 1.85 X 10° mm*
EFx=O—>N0=3.25kN =
VO )
Ty = _ﬂ Ty = —1.611 MPa
EFy=0—>V=5.63kN .
oy t+ U_\‘ I’ Ty — Oy B " i
op=—"p + \.‘J( 5 ) + 1y oy = 17.86 MPa
EMC=0—>M=13.88X106Nmm x
A [(ox — oy\2 R
oy = 5 7\‘;( : ) o, oy = —0.145M
[fox — 0y\2 S
Tmax — ‘\."( = ) + Ty Tmax = 9-00 MPa =

Stress at point A (bottom of web)

IIVU /”CZ
o,=— +—— o, = -68.19 MPa o, =0 Ty =0
A I, : ’
o a;
Uniaxial stress: oy, = o, 0y = 0y Tmax = |75

o =0 - o, = -68.19 MPa — Tmax — 34.1 MPa ==

4
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Example 2: The solid shaft ABC and the gears 100 mI(
shown are used to transmit 10 kW from the
motor M to a machine tool connected to gear
D. Knowing that the motor rotates at 240 rpm B
and that tan = 60 MPa, determine the smallest .
permissible diameter of shaft ABC. 90 mm —— &4 w

10000 W - Sy
P=Tw->T=—F——=2397.887 Nm <
2nrad , z2

T 00T Fe0oF 397 887 Nmm 4421 N S E
= - — = e e
2 A " 90 mm

My = Mg = 4421 N X 100 mm = 442 100 Nmm = M

Mc Mr
ETTT

Tmax = \](Ux ; Jy)z + Tazcy = \/(%)2 + T’ny = % * (?) R
B

Rc

T = J(ﬂ)z + (?)2 g §\/MZ—+T2 = 7 M7+ T? A 100mm l

4
J T

2 2VM? + T?
Tmax:ﬁ\/M2+T2 —>T'3 =]‘[‘[—
max

4421

1
3
) - r =18.48mm

1
(2\/M2 + T2>3 <2\/4421002 + 3978872
r=\——mmmmm =
T X 60

T Tmax

d=37mm



