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CHAPTER 9: Deflection and Slope of Beams

Introduction: When a beam with a straight longitudinal axis is loaded by lateral forces (and/or
moments), the axis is deformed into a curve, called the deflection curve of the beam. In Chapter 4, we
used the curvature of the bent beam to determine the normal strains and stresses in the beam.
However, we did not develop a method for finding the deflection curve itself. In this chapter, we will
determine the equation of the deflection curve and also find deflections at specific points along the
axis of the beam. As indicated in the following figure, the deflection curve is characterized by a
function v(x) that gives the transverse displacement (i.e., displacement in the y direction) of the
points that lie along the axis of the beam. The slope of the deflection curve is labeled 6(x). Deflections
are sometimes calculated in order to verify that they are within tolerable limits. For instance,
specifications for the design of buildings usually place upper limits on the deflections. Large
deflections in buildings are unsightly (and even unnerving) and can cause cracks in ceilings and walls.
In the design of machines and aircraft, specifications may limit deflections in order to prevent
undesirable vibrations. For example, the beams of the equipment trailer shown below must not
deflect so much under load that the clearance between the trailer and the ground becomes
unacceptably small. Also of interest is that knowledge of the deflections is required to analyze
indeterminate beams.

v v(x) Heavy load

Deflection curve

v(x) = Deflection
(i.e., displacement)

Low clearance

Three methods are introduced in this chapter to find deflection of beams:

(1) Integration (use of differential equations of the deflection curve) method,
(2) Singularity function method,

(3) Superposition method.

(4) Energy Methods (Will be studied in “Strength of Materials I1I")

Integration Method (differential equations of the deflection curve)
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1 do

From elementary calculus we know that pxdo = (dx?+dy?)V? =dx -~ =
the curvature of a plane curve at a point Yy p dx
Q(xy) of the curve can be expressed as:
d’y
1 dx2

p(0) (1 e >2>

In the case of the elastic curve of a beam,
the slope dy/dx is very small, and its
square is negligible compared to unity:
1 d’y d*y M(x)
= - =
p(x) dx? dx? El

dzy dy X dy -
Elsz(x)ﬁElaszM(x)dx+Cl, EztanH:H(x)
X
EIf(x) = f M(x)dx + C; 1- Deformations due to shear loading are neglected
0

2- yis the deflection curve of the neutral axis

X X
- Ely = f (f M(x)dx) dx + Cyx + C, (Cyand C, are clculated from boundary conditions)
o \Jo

Boundary/ Continuity/Symmetry Conditions:

Yy
y‘ b
B
B
o= T
ya=0 yp="Y ya=0 yp="0
Symmetry Conditions: % (x = é) =0 y
dy dy
!/’ dx (x ) dx (x )
l)
A " A e — || ||— —x
x“*\\\
ya=0 B B

0,=0 \ Yo = ()’ ;\v/; B ()j
[6, = 0] [Mg = 0]

L

Direct determination of the elastic curve from the load distribution:

d’y M) d% V) dty -w()
= - = - =

dx? El dx3 El dx* El

— Four times integration and four boundary conditions
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Example 1: Determine the equation of the
elastic curve and the maximum deflection of the
beam.

. L
From Statics: Ry = Rg = WT

" |B
Elastic curve: _A_ :ﬁ:

d’y M(x) ‘
2= _
dx El =< L >|
We need to calculate M(x) From Statics: N
wx 5)
MO = R x wLx wx? <i>|
X)=Ryx —wxX—-—=—————
R R
w
=—(—x*+ Lx)
2
d’y w
> El— = —(—x*+Lx :
dx? 2 ( ) A M
D
Eldy Y x34-Lx2 +C vV
- —_— = -——4+— .
d« 2\ 3 2 ! A
w( x* Lx3 7 ]
SEy=S|-to ) taxrtG Ry, =3wL
Boundary Conditions: we have two unknowns (C; & C;) so we need two boundary conditions:
wl3
Dyx=0=0-6=0 @yx=1)=0-0C=-—
itions: 2 (x = L) = W em0)= -2 (x= —_wi?
Or we can use Symmetry Conditions: = (x = 2) =0. or o (x=0)= ™ (x=L)-C, = ”
w x4 N Lx3 wl3
s>y =—|——4+—] - X
YZ2EI\ 127 6 ) 24EI
Direct determination of the elastic curve from the load distribution:
dy _—w®) | pd el PPN S L
_— —_— _—= = - —_—= = b _———
dx* EI dx* w dx3 wrx T dx? 2 Xt
dy wx3 x? wx* x3 x?
- Ela: —T+Cl7+C2X+C3 - Ely = —W+Clz+C27+C3x+C4
Four boundary conditions are required:
Dylx=0)=0-C,=0
(2)y(x=1) - 0 Wi e oL =Y
= - = —_-—— J— - [
yix 24 T g 3T T T
d?y wx?
B)ME=0)=0-Mu)=El 75 =———+Cx+ ;> 0=0+0+C>C;=0
d%y wx? wl? wiL
(4)M(X:L) :0—>M(X) :EIW:_T+Clx+CZ —>0:—T+61L—>Cl :7

OR:(S)%(JC:%):O

Advantage: No need to determine reaction forces, Disadvantage: More constants to be determined
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curve and the deflection of the beam at midpoint.

Example 2: Determine the equation of the elastic y |

dy  —w(x) d*y x?
2= El—= = 1-=
dx*  EI axt o\t
d3 x3
—>E1d—x}3]:—wo< —ﬁ>+61 A| |
:ﬁc:
d?y x?  xt
dy x3 x° x? , L .
_)Elaz_WO z 60L2 +617+sz+63
x* x° x3 x?
Ely=-wy|—-—— |+ —+C=
g W°(24 360L2>+ 15 23
+ C3x + Cy
Four Boundary conditions are required:
Dyx=0=0-C=0
2)y(x=L)=0 - 0 L PP N Hwol”
= = - = — _— — N = —
Y Wo\24 " 36012) T 16 T3 T 360
B)MXx=0=0-C,=0
2 It Sw,L
WME=1)=0-0=-wy| -] +CL>C =
Wy 0.00916w,L*
=0 (x5 —15L%x* + 2503%x% — 1115 _ 200916w,l” |
Y = 360812 XA askix X)2y,.L EI
Find slope at A:
dy 11wol3 11w, L3
EI—= =(C3>0=-— =
dXx,—g 360E1 360FE1
Il‘()
y

TBR 1: Determine the equation of the
elastic curve and the maximum
deflection of the beam.

Considering x from right (easier way): A
_WO dzy _W0x3
M(x) = - El— = L
W= x3 2 =g '
pr % o2 L Ey = 2 xk ¢, Bound d.: (—)—0 (—)—0
Ix 24l 12 Ely=—7 1x + C, Boundary cond.:y(x X
¢, = Vo’ wol® (—x5 + 5L*x — 4L5) th idered ht
= — = — - —
1 5 2 30 y = 120EIL x® X (x must be considered fromright)

Considering x from left, reactions at A must be calculated: y = (x> —5Lx* + 10L%x3

120EIL

—10L3x?)




Example 4: Determine the equations of
the elastic curve. EI is constant.

From Statics:
_ Pb Pa

R, = Ry =
) )
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<

ﬁ

a

b

‘
0<x<a
Pb
M(x)sz
d?y, M(x) d?y, Pb
= - = —x
dx? El dx? L
Eldyl Pbx2+c El Pbx3+c +C
—_ = - = —
dx L 2 T TR T T T L
a<x<lL

M(x) =PTbx—P(x—a) = Pa(l—%)

d*y, M(x) d*y, x dy;

= Bl =Pa(1—z)—>EIE=Pa x——
x? x3

—>E1y2=Pa<7—a>+C3x+C4

Boundary/Continuity Conditions:

Dy (x=0)=0
(2)y,(x=L)=0
B)yilx=a) = y,(x =a)

dy, o, dy,
(4)—dx (x=a)= I (x=a)
Pb
—_ 2 _ 2
C; = 6L(L b<)
C2=O

C, = Pa 2L% + a?
3= 6L( a)

c _Pa?
6

Pb Pb

= —yx3 — — (12 — b2 <x<
Ely, T 6L(L b9)x 0<x<a

x2

x3\ Pa Pa
Ely, =Pa|———|——QL*+ a®)x + —

2 6L 6L

3

6

X
)+c
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Example 5: Determine the equations of

the elastic curve. EI is constant. o
There are three unknowns (Ra, Rs, and Ms)
and we only have two equilibrium
equations being XF=0 and XM=0. So the Al
problem is statically indeterminate (order B
1) and we should first find reactions:

L
0<x<-—-
2 < L >
M(x) = Ryx
d*y; M(x) d*y;
= El =R
dx? EIl _)2 dx? 4%
eElﬂzRAx—+Cl
dx 32
X
—>EI_‘y1=RAE+C1x+C2 AI
L V
ESXSL 1
L < jL >
12w, L L (x=7) -
M@) =Rax =5~ (x =5)(x =) —
wo 133 - X >
M(x)=RAx—§<x—§>
d?y, M(x) d?y, wo A dy, x2 wy I
= El—2=R ——( ——) EI—=R———< ——) c
a2 m g St T\ mg) DR TR T\ T ) s
x3 wy L\®
%EIyZZRAZ—m(X—E) +C3X+C4

We have 5 unknowns (C;, C,, C3, C4, R4) so we need 5 equations Boundary/continuity equations:
Dy (x=0)=0

(2)y:(x=1L)=0

dy; dy, L
Wz (=3) = & =3)
5 2Lx=1)=0
dx
o woL ) 151
Ry = mWOL — From equilibrium (RA + Rp = T) we can find Ry = mWOL
and also form equilibrium (Z Mg = 0) we can find Mg = — 1320 woL?

C;,C,,C3,C4 are also obtained to determine the elastic curve of deformation.
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Singularity function method

<

Example 6: Determine the
equations of the elastic curve e

using the singularity function
method. EI is constant.

a ‘ b

From Statics:

. _Pb . _ Pa |
A — I, B — L L

Writing the singularity function to find M(x):

w(x) = —Ry(x) 1+ P(x —a) ! 5> V(x) = Ry(x)° — P(x — a)® » M(x) = Ry{x)! — P(x — a)!

Pb
M(x) = T(x)1 — P{x —a)t

Writing the elastic curve differential equation to find deflection y(x):

d’y M(x) d?y Pb dy Pb P
- E1EY iy —pr—a s BT = 2 — i — @) +
2= g g P @ s Bl =or )T -5 e — a4+ G

Pb ., P 3
—>E1y=a(x) —g(x—a) + Cix + G,

Applying boundary conditions to determine integration constants:

MDyx=0=0-0=0—-0+0+C,»C, =0

Pb(L)® P Pb® — PbI2
= () —g(L—a)3+C1L—)C1=—

2)y(x=L)=0 -0

6L 6L
£l Pb( )3 P< 4 Pb® — Pbl?
b = — —— — -
YT T T 6L
Finding deflection at x = a:
Pb® — PblL?

Pab
a _)Y|x=a =_(a2 +b2 _LZ)

Pb
Ely(x = a) =a(a)3—0+ TEIL

6L
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Example 7: Determine the
equations of the elastic curve
using the singularity function
method. E] is constant.

Al

Writing the singularity function to find M(x):

2wy,

u<x_42

W) = R + 22 = 21 o V) = Ry

M) = Ryfo)! — 52 x —2)?

Writing the elastic curve differential equation to find deflection y(x):

d’y M(x) d?y . Wo L, dy Ra,
oz = g Flga T Rl — g e =9t = Bl = o2 {x)

__4
12L<x ) +C

R
- Ely = ?A(x)3 —2(x — —)5 + Cix + C,

60L

Applying boundary conditions to determine integration constants and Ra:
MDyx=0=0-0=0—-04+0+C,>C, =0

@ yr=1)=0 »0="2L) 2> ) +CiL

B D @=1=0-0="207 12 Gy 4,

(2)and (3) 7 9

_— 1=_3840W0L3 and RAszOL

L 7

WL () — = (x = 2)°
3840 ° 60L 2 3840

- Ely = wolL3x

Finding deflection at x = L/2:

L3( ) | 19 wylL*
- = —_ —
3840 "°° \2) 7 Vet T 730720 EI

_ N3 _ (0 —
Ely = 3840 WOL(Z) 0
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»ig »
>4 »

\v
TBR 2: Beam ABC (EI = 70200 0 kN
kN.m?) is loaded and supported as 7 jm
shown. Prior to the application of l l l l l 1 l
the uniform load, there is a gap of I : } : )
10 mm between the beam and the N ‘C X
. . ) A 10 mm '
support B. Find deflection at point C : '
and reactions at 4 and B (1390). .
| B | |
3 45m ' 15m |

Writing singularity function from right (assuming that support B does not exist):

d’y M(x) d?y

w(x) = 70(x)° - V(x) = =70{x)* - M(x) = —35(x)? - Tz EIW = —35(x)?
B = 3yt By = 2 (0 4 x4 C c=6)=2x=6)=0
N - = N —_ —_— — = = — = =
dx 3 o ThmEy =T e iy, Y dx

1 35
C, = 2520,C, = —-11340 - y = ﬁ{_ﬁ(x>4 + 2520x — 11340}

- y(x=1.5) =

35
—— 4 _ —_ _
70200{ v (1.5)* + 2520 x 1.5 11340} 0.108 m 108 mm

Therefore the beam AC comes into contact with the support B.
Writing singularity function from right:
w(x) = 70(x)° — Rg(x — 1.5)"1 - V(x) = =70(x)! + Rg(x — 1.5)° - M(x) = —35(x)? + Rg(x — 1.5)!

d’y M(x) d?y dy 35 Rg

35 .,  Rg 3
Ely=——(x)*+—(x —15)°+ C;x + C,
12 6
We have three unknowns (R, C;, and C,) so we need tree boundary conditions:

d
y(x =6) = O,%(x =6)=0,y(x=15)=-10=-0.01m

Ry = 226.2 kN,Cy = 229.1,C, = —1031 - From statics: R, = 193.8 kN, M, = 242.55 kN

1( 35, ., 2262 ;
Yo = 21— 17 (0 + =2=(0 — 1.5) +229.1 X 0 — 1031} = ~0.0147 m = ~14.7 mm

We could write the singularity from right but it would be more difficult as we have three unknowns:

w(x) = —Ra(x)™1 + My(x)"2 + 70(x)° — Rg{x — 4.5)7!
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TBR 3: Find 10 cm I I SDE.I:J‘_‘m
deflection of the —al e e A
= b= — -
wooden beam (E = :[2” cm —— L E— c |, - ﬂ
10 MPa) at 1 m _ e e e - £
. Sectiona-a L_a
distance from |
| 2m 1m
support A (1391). 5m om om
I
IKN[m 3}""‘ {6
W " 0
\VJ V\ '\ s : m/bﬂ
Am —>< am —’é"a"’lr 1\RD €
Fa P ZMeg=0,>Ro= 2;

2Z™Mp=0 — F@,:kokr\l

—\
For beam DE' wx)= —Rp x> +ZU<’<'7->

Vix) = Rp Lxy°— 20 <x- 27\ 13
M) = Rp <x>' =04 x-27 = el ;j;;

3
Y ) > 210 ¢y 4+l
sy - DT 20 {x-2>+C » R R_D<><7——3-<>< D+

X:C)\ —7y:0\ O“tl = 3—"Y Q. —%C\ } (7_~0
al x_a —> BT _ =30 — 8o
Yo = 5 Vo= DEL

Fox \‘Jeum AR - -2

WExdm— 204 X5 \+9<)¢>..9<>( 3>k Dol AA>

-
V) = 2oL % >7— 9 <X L 9dx-2>'—30<K¥-4) Z
Mexr- 20 dxd— 2 ,<x>-\-a X - 7—) BO<’< 4> Elﬂ

Ay

EIU _=1lo xS ,<x> +‘3 <X 2> 30<x-4Y4Cy

E:L\/:‘,%(x> 3<><>+~<>< 2> IS A=A Qx4 a

xX = 0
€20 y--3 e g
51/> '2-']— > & .

o (57 2t satisow-

\FS ¢y _ B0 - —28-8)
iia €5) _>El\/('x 5)

— Y -23.32x\0 ™m m M

B s = - 0.0432 = _43.d) _432
s — 43 43.4) =43 ‘\/

9
lox\o 4 \\‘L(on(ﬂ ‘2)5
P
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TBR 4: Find reaction at A as well d /a
as deflection of the midpoint of AB 2
Al |
(1392). l &
S !B C
a |
k = 6El/a’

wx)=-R;<x>+w<x>-w<x—a>-Rg<x—-a>"1

v(x) =Ry <x>-w<x>+tw<x—a>+Rzp<x—-a>°

w w d’y
M(x)ZRA<x>1_f<x>2+5<x_a>2+RB<x_a>1=EIW
dy R, w w Rp
Ela=7<x>2—E<x>3+E<x—a>3+7<x—a>2+61

EI =ﬂ<x>3—1<x>4+1<x—a>4+&<x—a>3+C x+C
Y=7%6 24 24 6 XL

R, 51 s, 1 4, Rp 3
EIy=?<x>—E<x> +E<x—a> +?<x—a> +Cix+ C,

RA RA —a3RA
}’x=0——T—’—EIm—Cz—’Cz— 6
a3
3R 3R
Yeca =00 = A _ad+Ca-—25¢, =a?
8a3R aR aR
Yi=2a =0 0= 6A—16a3+a3+ E 4203 - —4

—>7R,+Rz =78 (1)
From Statics )) Mo = 0 - R4(2a) + Rg(a) —w(a)(1.5a) =0

(1) and (2) » R,=8.4kN

Deflection at mid AB:
Ry a , 1 a_, a
Elyx=a/2=?<§>_a<f> +0+0+C1(E)+Cz—>yx=a/2=

—0.7875 a®
EI
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Superposition Method

When a beam is subjected to several concentrated or distributed loads, it is often found convenient to
compute separately the slope and deflection caused by each of the given loads. The slope and
deflection due to the combined loads are then obtained by applying the principle of superposition and
adding the values of the slope or deflection corresponding to the various loads (because the
differential equations of the deflection curve are linear). The procedure is facilitated by tables of
solutions for common types of loadings and supports.

APPENDIX D Beam Deflections and Slopes

Maximum
Beam and loading | Elastic Curve Deflection Slope at End Equation of Elastic Curve
I
l" y p
F— B ‘ x PL? PL? P,
o 1y _3F] (1) _:)FI (2) Y= (‘_Fl(l — 3Lx )
‘ . ~J_t Yma 3E 2E SE
Ty =
) x wl* wl? w 3 2 2
_— | o———T, —u 3) “orr @ Ry (x* — 4Lx® + 6L
P — i -
y I
a B T« ML? ML M,
_— ) — . - —— y=——x
[ e () o (6) Y= ToRn
’ M

|__% ]‘_.l P Ve o, For x = %L:
, x rr’ PL? P

[ 6] —— — - = —— (4* — 3L%
T ITE ~—b— e (7) 6er (8) Y= yagr %)
. T - 1y Yn
51
p (9) (10)
b =1L For a > b: For x < a:
|47 a ‘,14_,’ L = b Ph(Li — b2 P[)(L2 = [)2) Pb - 5 3
— | B x e U= = PE— y =—>—[x" — (L* = b* )]
A mmB | ANC — 9V3EIL 6EIL 7 6EIL -
A Y ~ =" ¥ Jma [[Z_12 5 - +Pa(1f —a) Bt e Pa’b”
s = — ata, = [~ b= 6EIL rrTE YT 3L
(5]
rﬁﬁ—wﬁ”ﬁﬁ Y -~
4 bbbl . . BwL! wL? 04 g
j— —| — —— = = - Xt — oLx® + L
A “T ~—b s5apy (11) sapr (12) Y= "oam @ ! %)
2,
L— /

9V3EI (13) ~ BEIL
Yma _ML
~ 3EI

Yle—L 2
%4 o ML’ g — LML M i s
)\ Al B « A= TR (1 4_) y = (x “x)




Example 8: Determine deflection
of the beam shown at C as well as
slope at point A using the method
of superposition.

Ye =Y t Yo

B SwlL*
Y T T384E]
pL3
Y@ T T 48E]
SwL*  PI3
Yec = — -
384E]  48E]
B Swil* N PL3 l
Y¢ = 384E] T 48E]

QA = 9(1) + 9(2)

wl3
Y0 = =248

P12
% = ~T6Er
5 — wl3  PI?
AT 24EI 16EI
5 — wl3 N PI2
47 24E1 ' 16EI

Using Singularity Function:

w(x) = —R(x)™1 + w(x)° + P (x — %)_1

(123)

[TTT1ITT]
S N
[T
N
(1)
+
A |
ﬁ



Example 9: Determine deflection
and slope of the beam shown at C
using the method of superposition.

Oc = 0c1) + 02

o wl?  PI?
(COR 6EI_2 6EI
L
P(z) _rr

O62 =+ 35 ~8El
For BC in (2) we have Mg, = O:

d*ypc _ Mpe dysc

=—2L=0-

dx? El dx
9 g PL?
- = = —
(€2) = V(B2) ~ gE]

= Opc = constant

PI? PL*  PL*  PI?

= — = ?,'
6EI + 8EI 24E1 i 24E1

9C=_

Yec = Y1) T V)

_wlt PL
Yien = BE] ~  BEI
. PG  PL3
Y2) = T 3Er T 24E]
dypc _ _ .
I Ogc = constant (no bending)

= Y(c2) — YB2) = Osc (x¢c — xp)

PL® PL? (L) 5PL3

Y2 = 5251 Y 8E1\2) T 18E1

PL® 5PI3 PL3 PL3

Ye=~gpi T a8El = 48EI |\~ 48EI "
y O@p)m1 =1 0c)
)/:C
i “_J'““ el
A B \ x

(ys)n
Using Singularity Function:

W) = ~Ryfa) ™+ M2+ wlo)® — P (x = 2)?

w(x) = w(x)? — P (x — %)_1

(124)

A
~— L2 —f—12 ——
w:£
L
REFIRRERINR
| C
A B
<~ /2 >~ L/ ——
(1)
+
| C
A B
P
<~ L2 >~ L/2 ——
(2)
OR:



TBR 5: For the beam and loading
shown, determine (a) the slope at end
A, (b) the deflection at point C. Use the
method of superposition.

04 = Oar) + 0(a2) + 0(a3)

ML (80 kNm)(5m)

0 =
(a0 = T35 3EI
13333
~ EI
9. =4 ML (80 kNm)(5 m)
(42) = T epr ~ 6EI
_ 66.67
~ EI

o0 . - PL?  —(140 kNm)(5 m)?
(43 = " 16EI 16EI
218.75

EI
13333  66.67 218.75
T -

EI El
18.75 18.75
- _ 3 = 1
El El

Yec = Y1) T Yic2) T Yc3)

ML

_ 3 _ 2
Y = 6E1L(x 80;\;6)
_ m 3 e2
~ 6EI(5) (257=5
2.5) +125
X 25)=4+—
El
_+125
Y2 = £l

_ PL?  —(140 kNm)(5m)?
Y€ = TagEr 48E]
364.58

B EI
125 125 364.58  114.58

El * El El EIl
1= 114.58
~ _EI
Using Singularity Function:
w(x) = —R,(x)~1 4+ 80(x)~2

kN
+140(x = 25)7" ()

Yc =

|<—2.5 m Ji 2.5 m *»l

C B

-
2.5m ‘L 2.5 m ‘~l
(2)

T

N

B

+
140 k
A
A =\
L—ZB m ‘L 2.5 Tl "l
(3)



Example 10: For the beam and
loading shown, find reaction at A using
the method of superposition.

The system is indeterminate statically
(order 2) so two equations (apart
from equilibrium equations) are
required:

0g =0 and yg =0

0 = 0g1) + O(B2) + O(53)

wl3

67(15*1) = _ﬁ
MgL
67(15*2) = W
RBL2
9(33) = ﬁ

wl3 Mzl Ryl?
+—+ =
6EI ' EI ' 2EI

0 = — 0 (1

Y = Y1) T YB2) T YB3)

wlL*

Y1) = T 8E]
MgL?

Yp2) = 2F]
RpL3

Y3 = 3ET

wlt Mgl® RglL3

Ye=~gpr T 2er T3Er -0 @

(1) and (2) wL wl?
_— R

Singularity Function:
w(x) = =R {x) ™ + Ma(x)™2 + w(x)°

(126)

w
Y Y YV VYV VY VY V V¥
A B
L
W
Mz
\ A | Y VY VY VY VY VT
A B | B
- L .
()
Yy vV Y VY Y Y VY VY VY Y
A B
L
(1)
+
Ms
)
A B
L |
(2)
+
|
A B RB
L |
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Example 11: Determine the
deflection at point D of the beam
shown wusing the method of
superposition.
perp A )

. - D B Q
Yp = Y1) T Y2) ' |

N R I

—5wL*  —5w(2a)*

Yo = 3gaE1 T T 384E]
B Swa* l

24E1 _ va
M

= — (x3 - L%x) W
Yo = T eELl va
s RS
-2 3 _
= TBEQa)] (a® - 2a)%a)
_ wa? N A ﬂ o)
B Swa* l wa* - wa* . |‘ a | a ‘|
Yo = Sapr * T BET T 12E1 _
W
Show that:
P
4~ 6EI
Singularity Function: D B e
w(x) = w(x)® — Ry(x — )1 o, | . “A




Example 12: Determine the deflection and
slope at point B of the beam shown using
the method of superposition.

Y = Y1) T YB2) T YB3)

3wa?
wa* waad? > a?
YB = T8El ~ 3El 2E]
_ 29 4 __ 9 4 J’
Tt T

0g = 0g1) + O(B2) + O(B3)

3wa?

0. = wa®  wa a? —

B™ 6EI  2EI El
13 wa? 13 wa?

=———3 =——x

6E1&_6E1

Find deflection at C using superposition
method.

Singularity Function:

w(x) = w(x)? —w{x — a)® — w(x — 2a)°

(128)

A B C
! a { a a
wa
w
3wa?
A B 2
a
w
(1)
A B
a
+
wa
(2)
A B
.
+
3wa?
2
(3)
A B
a




(129)

TBR 6: Find deflection of C using superposition method (1393).
1=100x10° mm* E =200 GPa Asc=200 mm?

15 kN

, Y

Forx=a: y=
4m
8 kN/m
Y Y Y VY VYV Y VY &
f{,A ‘ B
6 m I
15 kN
i 6m |
7 3 74
T ¢ 0 ® P L
3EI SEI 1D
JI’ w
: i . 8 kKN/m
L o I ! -y y Y v Y
A
. . . Fpclpc
Statically indeterminate: yo = yp + . 6m
ABCEBC
—(15 kN + Fge) x (6 m)? x (2 m)* -8 x (6m)* Fge x (6m)? Fge X (4m)
—_ =
3XEX(100x10"¢m*) x 8 8xXEx(100x107¢m?*) 3 xE x (100 x 10~¢m*) 200 mm?2 x E

—(15000 + 15075)N x (6 m)? x (2 m)?
— Fge = 15.075 kN -8, =
Be @ €773 %200 % 10% x (100 X 106 m*) x 8

=—9.02mm§9mml®



